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1 The Hahn-Banach Theorem

1.1 The real Hahn-Banach theorem

Theorem 1.1 (Hahn-Banach, analytic form). Let V' be a vector space over R, and let
p:V = R be a map which satisfies

1. positive homogeneity: p(Ax) = Ap(x) for allz € V, A > 0,
2. subadditivity: p(x +y) < p(x) + p(y) for all z,y € V.

Let W CV be a linear subspace and let g : W — R be a linear form such that g(z) < p(zx)
for all x € W. Then there exists a linear form f :V — R which agrees with g on W such
that f(z) < p(x) for allx € V.

Proof. We will use Zorn’s lemma to obtain f. For notation, we write D(f) as the domain
of f. Let us consider the set

P={h|h:D(h)—R,D(h) CV is a linear subspace s.t. W C D(h),
hlw = g, h(z) < p(z),x € D(h)}.

P # @ because g € P. P is equipped with the partial order relation <:
hi1 < hy < D(hl) - D(hQ) and hs extends hq.

Claim: The set P is inductive, in the sense that any totally ordered subset () C P has
an upper bound; i.e. there exists x € P such that a < x for all a € Q. Write Q = (hj)jer-
Let D(h) = U,e; D(hy), and define h by saying « € D(hj) = h(z) = hj(z). The
function h is well defined, h € P, and h; < h for all j € I.

By Zorn’s lemma, we conclude that P has a maximal element f, in the sense that if
f < he€ P, then h = f. We have to check that D(f) = V; proceed by contradiction. If
D(f) #V, let xg € V \ D(f), and define h by D(h) = D(f) + Rzo and for z € D(f),
h(z + txo) = f(x) + ta, where a € R is to be chosen such that h € P (h(z) < p(z) for
x € D(h)).

We have to arrange: f(x)+ta < p(x+txzp) for all t € R and = € D(f). By the positive
homogeneity of p, we need only check when ¢ = +1. So we need to satisfy:

f(z)+a < p(x+ x0) f(z) —a < p(z — xp).

In other words, we have to choose a so that

sup f(y) —p(y —xo) <a < inf plz+z0) — fz)
yeD(f) z€D(f)
This is possible as f(y) — p(y — zo) < p(z + ) — f(x) for all x,y € D(f), which follows
from f(z+y) < p(y —x0) + p(x +x0) (by p(z+y) > f(x+y)). We conclude that f < h,
h # f, which contradicts the maximality of f. O



1.2 The complex Hahn-Banach theorem

Definition 1.1. Let V' be a vector space over K = R or C. A function p: V — [0,00) is
a seminorm if

1. p(Az) = [Ap(z) forallz € V, A € K
2. p(x+y) <p(x)+ply) forall z,y € V.

Theorem 1.2 (Hahn-Banach, complex version). Let V' be a vector space over C, W CV
a C-linear subspace, and p : V — [0,00) a seminorm. Let g : W — C be C-linear such that
lg(x)| < p(x) for all x € W. Then g can be extended to a C-linear form f :V — C such
that |f(z)| < p(x) for allz € V.

Proof. Let g = g1 + 192, where g1(z) = Re(g(z)) and g2(x) = Im(g(z)); g1, g2 are R-linear.
and defined on W. Note that g;(iy) = Re(g(iy)) = Re(ig(y)) = —g2(y), so we can recover
g2 from g1. Now ¢1(y) < p(y) for all y € W, so by the real version of the Hahn-Banach
theorem, there exists an R-linear f; : V' — R such that fi|w = ¢1 and fi(z) < p(x) for
all z € V. Let f(z) = fi(z) —i(fi(ixz)). Then, by our previous observation, f|w = g.
Note that f is R-linear and f(iz) = fi(ix) —ifi(—x) = i(fi(x) — ifi(iz)) = if(z), so
f is C-linear. Finally, we check that |[f(z)| < p(z) for all z € V. If f(x) # 0, write
f(z) = |f(z)]e?¥ with ¢ € R. Then

[f(2)| = e f(z) = fe7¥z) = fi(e”¥x) < ple™z) = p(x). B

1.3 Introduction to dual spaces

Definition 1.2. Let B be a complex Banach space. The dual space B* is the space of
linear continuous maps ¢ : B — C.

The form on B x B* given by (z,&) — &(x) = (x,&) is bilinear. There may exist linear
forms in B* which are not of the form & — (z,¢).



2 Dual Spaces and the Geometric Hahn-Banach Theorem

2.1 The dual space

Last time, we established the analytic version of the Hahn-Banach theorem. Given Banach
spaces Bi, Bo, let L(Bj, By) be the space of continuous linear maps T : By — Bs. Then
L(B1, B2) is a Banach space when equipped with the norm

Tx||g
7y = sup ITelB:
0#£x€B, HxHBl

Remark 2.1. To get that £(Bj, Bs) is complete, we only need that By is complete.
Here is a special case of this construction.

Definition 2.1. Let B be a complex Banach space. The dual space B* = L(B,C) is the
space of linear continuous forms on B.

When x € B and £ € B, write (x,&) := £(x) so that the form (x, &) — (z,&) on B x B*
is bilinear.

Example 2.1. Let B = L}(R). Then B* = L*(R). We claim that there exists a con-
tinuous linear form on L*°(R) which is not of the form u — (f,u) = [ fudz. Indeed,
by the Hahn-Banach theorem, there exists a linear continuous form L on L*°(R) such
that L(u) = u(0) whenever u € L>®(R) N C(R). If we assume that for some f € L!,
L(u) = [ fudz for all u € L, then in particular, [ fodx = 0 for all continuous func-
tions of compact support with ¢ = 0 near 0. This implies that f = 0 a.e., which is a
contradiction.

Definition 2.2. The norm on B* is given by

€l = sup &8

0#£x€B Izlz
Proposition 2.1. For all v € B,

| (2, 6) |
€llB-

Proof. We have | (z,£) | < ||z||||¢]| by definition for all £ € B*. So

(@, ) |
o el

|zllp = sup
0££€B*

< l=||.



On the other hand, let W = Cz C B, and let § : W — C be az — aflz||. We have
1€o(y)| = ly|| for all y € W, so by Hahn-Banach, & extends to § € B* such that [§(y)| < ||yl
for all y € B and £{(z) = ||z||. So ||§]| = 1, which gives us

()] Supl(l‘,ﬁﬂ.
€]l e#0 €]

O

Remark 2.2. This proposition implies that the natural map ¢ : B — B*" given by
x = (£ (x,€)) is an isometry. The range is closed but may be strictly smaller than B**.

2.2 Geometric version of the Hahn-Banach theorem

Definition 2.3. Let V be a normed vector space over R. An affine hyperplane in V is
a set of the form H = f~!(a), where a € R, f is linear, and f # 0.

Proposition 2.2. The affine hyperplane H = f~1(a) is closed if and only if f is contin-
UOUS.

Proof. 1t is clear that if f is continuous, then H is closed. Conversely, if H is closed,
let z9 € H¢ which is open. We may assume that f(xo) < a. Let r > 0 be such that
B(zg,r)={x eV |z —aol| <r}nNH=0.

We claim that f(x) < « for all x € B(zo,r). If f(x1) > a for some x; € B(zg,r), then
the line segment {txg + (1 —t)z1 : 0 <t < 1} C B(xo,t), so f(tzg+ (1 — t)x1) # « for all
t. Ift = #% € (0,1), we get a contradiction.

We get f(zo + ry) < « for all y with |ly|| = 1. So f is bounded, and hence f is
continuous. O

Definition 2.4. Let V' be a normed vector space over R, and let A, B C V. We say that
the affine hyperplane H = f~!(a) separates A and B if we have f(z) < « for all x € A
and f(x) > « for all z € B.

Theorem 2.1 (geometric Hahn-Banach). Let V' be a normed vector space over R, and let
A, B CV be convex, disjoint, and nonempty. Assume also that A is open. Then there
exists a closed affine hyperplane separating A and B.

This is sometimes called the “seperation theorem.” We will prove this next time. Here
is the idea of the proof. Given an open convex set C' C V, define the gauge of C as
p(x) =inf{t > 0:z/t € C}.



3 Proof of the Geometric Hahn-Banach Theorem

3.1 Gauges and the real geometric Hahn-Banach theorem

Theorem 3.1 (geometric Hahn-Banach). Let V' be a real normed vector space with A, B C
V' convex, nonempty and disjoint. Also assume A is open. Then there exists a closed affine
hyperplane separating A and B.

Before we prove this, we need a bit of background.

Definition 3.1. Let C C V be convex and open such that 0 € C. Define the gauge of C
as

p(z) =inf{t > 0:z/t € C}.
Lemma 3.1. The gauge of C satisfies the following properties:

1. p(Ax) = Ap(x) for A >0 andx € V

2. p(x+y) <px) +py) forz,y eV

3. there exists M > 0 such that p(x) < M||z|| for allz € V ( = p is continuous at

0).
4. C={xeV:plx) <1}

Proof. (i) is clear.

(iii) Let » > 0 be such that {z : ||z|| < r} C C. Then for all  with ||z| =1, rz € C,
so p(x) < 1/r. So p(z) < ||z||/r for all z € V.

(iv) We first show C' C {z : p(z) < 1}. If x € C, then (1 +¢)x € C for € small. So
p(z) <1/(1+¢€) < 1. On the other hand, if p(z) < 1, then =/t € C for some 0 < ¢ < 1. So
x=t(x/t)+ (1 —t)0 € C (by convexity of C').

(ii) Let z,y € V and € > 0. Then z/(p(x) + ¢),y/(p(y) + €) € C, and their convex
combination

z y
wre T Te

is also in C for 0 <t < 1. Take t = (p(z) +¢)/(p(x) + p(y) + 2¢). So

rT+y
p(z) +p(y) + 2¢

which gives us that p(z + y) < p(z) + p(y) + 2¢. So p is subadditive. O

Lemma 3.2. Let C C V be open, convex, and nonempty, and let xo ¢ C. Then there
exists a continuous linear form f : V — R such that f(x) < f(xzg) for all z € C. In
particular, the closed affine hyperplane H = f~1(f(x0)) separates xo and C.



Proof. By translation, we may assume that 0 € C'. Let g : Rxg — R send txg — t. Then
g(txo) < p(txy) for any t € R, where p is the gauge of C; indeed, for ¢t < 0, this is ok,
and if ¢ > 0, this is also ok, as p(zp) > 1. By the analytic version of the Hahn-Banach
theorem, g extends to a linear form f : V — R such that f(z¢) =1 and f(z) < p(z) for
any x € V. In particular, f(xz) < 1 = f(x¢) for x € C. The function f is continuous as
f(x) <p(z) < M|z| for all x € V. O

We are now ready to prove the geometric Hahn-Banach theorem.

Proof. Let C = A— B ={x—y:x € Ay € B}. Then C is convex because A, B are
convex, 0 ¢ C, and C is open (because C' = |J,cp(A — y), which is a union of open sets).
By the previous lemma, there exists a linear continuous form f such that f < 0 on C.
Then f(z) < f(y) for € A and y € B. If supye 4 f(z) < a < infyep f(y), then f~1(a)
separates A and B. O

3.2 The complex geometric Hahn-Banach theorem

Definition 3.2. Let V be a vector space over K = R or C. We say that M C V is
balanced if Az € M for all z € M and A € K with |\ < 1.

Proposition 3.1. Let V be a normed vector space over C, and let C C V be open, convex,
nonempty, and balanced. Let xy ¢ C. Then there exists a complex linear continuous map
f:V — C such that f(xo) # f(x) for allx € C. In particular, the closed affine hyperplane
H = f~Y(f(x0)) contains zo and does not meet C.

Proof. Since C' is balanced, 0 € C. Let p be the gauge of C. Then C' = {z : p(z) < 1},
and p is a seminorm; i.e. p(Azr) = |A|lp(x) and p(z+y) < p(x)+p(y). We can now conclude
that there is a continuous linear form f : V' — C such that f(z9) =1 and |f| < p on V.
Then |f| <1 on C, so f is continuous. O

Remark 3.1. The gauge p of C' (convex, open, balanced, contains 0) satisfies the following
inequality:
lp(z +y) —p(y)| < plz) < M|z|.

So p is Lipschitz continuous on V.

Corollary 3.1. Let V be a normed vector space over C, and let A CV be a closed, convex,
nonempty, and balanced. Let x ¢ A. We can find a continuous linear form f on V' such

that infyca |f(y) — f(x)] > 0.

Proof. Let e > 0 be so small that (z+ B(0,e))NA = &. The set B(0,e)+ A is open, convex,
balanced, and does not contain x, so by the previous lemma, there is a continuous linear
form f such that f(x) # f(y) + f(2), where y € A and z € B(0,¢). Here, f(B(0,¢)) # {0}
is a balanced subset of C, so it contains a neighborhood of 0. 0

10



4 The Spanning Criterion and Runge’s Theorem

4.1 The spanning criterion

For the complex geometric Hahn-Banach theorem, we don’t actually need the assumption
that C is balanced.

Theorem 4.1 (complex geometric Hahn-Banach). Let V' be a complex normed vector
space, and let C C V be open, convex, and nonempty. Let xg ¢ C. Then there is a
continuous linear map f:V — C such that f(z) # f(xo).

Proof. We can regard V as a vector space over R. Then there exists a continuous R-linear
fi : V. — R such that fi(x) < fi(zo) for all z € C. We set f(z) = fi(x) — ifi(iz). This is
C-linear, continuous, and f(z) # f(xo). O

Corollary 4.1. Let A CV be closed, convex, and nonempty. Let x ¢ A. Then there exists
a linear continuous f : V — C such that inf,ca |f(y) — f(x)| > 0.

We will return to the idea of a balanced set later, so our previous discussion is not a
waste.

Theorem 4.2 (spanning criterion). Let V' be a normed vector space over C, and let W be
a linear subspace. Then the closure W can be described as follows:

W={veV:fv)=0foralfeV" st flw=0}

In other words,

W= m ker(f).
fevr
flw=0

Proof. (C): If f is linear and continuous with f|w = 0, then f|jz = 0. So W C ker(f).
(D): Let x ¢ W. W is closed and convex, so there exists a continuous linear form

f:V — C such that f(z) # f(y) for all y € W. In particular, f(z) # 0. Let y € W. Then

Ay € W for all A € C. So f(z) # Mf(y) for all \. Thus, f(y) = 0 for all y € W. We get

flw =0 and f(z) # 0. O

Remark 4.1. We can get the exact same statement in the real case, as well.

4.2 Runge’s theorem

We will have two types of applications of the Hahn-Banach theorem:
1. approximation theorems

2. existence theorems.

11



Theorem 4.3 (Runge). Let K C C be a compact set with K¢ = C\ K connected. Let f be
a function which is holomorphic in a neighborhood of K. Then for any € > 0, there exists
a holomorphic polynomial g such that |f(z) — g(z)| < e for all z € K.

Before we prove this, let’s mention a fact from complex analysis that we will need in
the proof.

Proposition 4.1. Let w C C be a bounded, open set with C'-boundary and let u € C*(@).

Then
27” 60.) -z C_//

where L(d() is Lebesgue measure in C, and

- L(d0),

u(z) =

0 (i)
o 2 \0Re(() dIm(¢)
is the Cauchy-Riemann operator.

Proof. Here is the idea. Apply the Stokes-Green formula to the function ¢ — u(¢)/(¢ — 2)

inwe={(ew:|(—z[>e}:
] () o
<

/ CU(C )
Owe

and let ¢ — 0. O

Proof. Apply the spanning criterion with V' = C(K) (equipped with the sup norm) and
W = {p|k : pis a polynomial}. Let f be holomorphic in a neighborhood of K. To show
that f|x € W, we need to show that if L € C(K)* satisfies L(p) = 0 for all polynomials
p, then L(f) = 0. By the Riesz representation theorem, the dual of C'(K) is the space
of (Radon) measures on K. We have to show that if y is a measure on K such that
[ 2" dp(z) = 0 for all n, then [} f(z) du(z) = 0.

Now let f € Hol(w), where w is a neighborhood of K. Let 1 € C(w) (the set of C!
functions on w with compact support) be such that ¢» = 1 near K. Apply the proposition
to u = fi¢ € C}(C). Then

F2)(z) = —// L(d)

for all z € K.

Consider
[ fGrdue = [ (—//f <d<>> u(2)

12



:—//C\K ac </ *d“ > ().

1
| ot =0,
KGC—2
where ¢ € C\ K. We will finish this next time.

If suffices to show that

13



5 Miintz’s Theorem and the Poisson Equation
5.1 Miintz’s theorem

First, let’s finish our proof of Runge’s theorem.

Theorem 5.1 (Runge). Let K C C be a compact set with K¢ = C\ K connected. Let f be
a function which is holomorphic in a neighborhood of K. Then for any € > 0, there exists
a holomorphic polynomial g such that |f(z) — g(z)| < e for all z € K.

Proof. We had a measure p on K such that fK 2" du(z) = 0 for all n € N, and we got was

/Kf(Z)dM =—//C\K 52 (MO L),

MO = [ dn).

To finish the proof, it suffices to show that M = 0 on C\ K. Consider the Laurent expansion

of M at oo:
1
Z . 7+ / 7 dp( Cy+10 0.

Then M = 0 for large |(|, and hence M = 0 in all of C \ K because C\ K is connected. [

where

Theorem 5.2 (Miintz). Let (\j)jen be a sequence of distinct positive real numbers such
that \j — oo as j — oo. Then the closed linear span of the functions LMt in
C([0,1]) is equal to C([0,1]) if and only if

SEIN
N
Proof. We shall only prove the sufficiency of the series condition. By the spanning criterion,
we have to show the following: if u is a finite complex Borel measure on [0, 1] such that
f[o 1 1du(t) = f[o 1 i du(t) = 0 for all j, then for all f € C0,1], ffd,u = 0. We claim
that if f[o 1 % du(t) = 0 for all j, then f[o 1 tFdu(t) = 0 for all k = 1,2,.... The claim
implies the result by the Weierstrass approximation theorem.
We may assume that g is concentrated on (0,1] since the integrands t* all vanish at
t = 0. Consider the function F({) = f[o 1 t¢ du(t), where ¢ € C with Re(¢) > 0. Then
F is bounded and holomorphic in Re(¢) > 0. We have F();) = 0 for all j. Map the
right half plane onto the disc: G(z) = F((), where ( = (1 +2)/(1 — 2) for |z| < 1. Then
G € Hol(]z|] < 1) is bounded, and G(«;) = 0, where a; = (A; —1)/(A\j +1) = 1.

14



Recall now Jensen’s formula, which says that if f € Hol(|z| < 1) such that f(0) # 0,
and (ak)év:l are the zeros of f (counting multiplicities) such that |a;| <7 < 1, then

27 )
S log =L /O log | £ (re’®) | dip — log |£(0)].

aj| 2
So if f is bounded, the right hand side is O(1) as r — 1. Using that log(t) > 1 — ¢ for

t >0, we get
Y (r—lal<C
|aj|<r
for r < 1. Letting » — 1, we get that if f € Hol(|z| < 1) is bounded and not identically 0,
the zeros (o) of f satisfy > (1 — |o;|) < oc.
In our case, a; = (A\j —1)/(A\; + 1), and we may assume that a; > 0. Then

Sl = - =Y 5 =

J+1

Thus, G =0, so F(¢) = f[o,l] t¢ du(t) = 0 for Re(¢) > 0. O

5.2 Solving the Poisson equation using Hahn-Banach

We will try to solve the Poisson equation. Let £ C R" be a bounded open set, and let
f € L?(Q) be real-valued. Let A = > i1 8§j be the Laplacian. We would like to solve the
equation Au = f in some sense. The existence of solutions to this equation can be reduced
to the proof of an inequality.

Proposition 5.1. There exists a constant A > 0 such that for any p € C3(Q) (C? func-
tions on 0 with compact support), we have

lellzz) < AllAp] 22()-
We will prove this next time.

Remark 5.1. An inequality of this form holds for all differential operator with constant
coefficients, in place of A.
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6 Weak Solutions of the Poisson Equation and Strengthened
Hahn-Banach

6.1 Weak solutions of the Poisson equation

Last time, we were trying to solve the equation Au = f for f € L?(2) with Q C R™ open
and bounded.

Proposition 6.1. There exists a constant A > 0 such that for any p € C3(Q) (C? func-
tions on ) with compact support), we have

lell2@) < AllAgllL2(0)

Proof. For simplicity of notation, we assume ¢ is real. Then, using integration by parts,

2
90 2
A = = X
/(p pdx gj dx g / ( ]> dx /[ch\ dz

Also,

implies that, using Cauchy-Schwarz,

lelze < 20/Q |10z, ¢l dx < 2C || 2|Vl 2

Thus,
lellzz < 2C%(|Apl| 2. O

Now let ACZ(Q) = {Ap : ¢ € C3(Q)} C L*(). Consider the linear form L :
ACZ(Q) — C that sends Ay Jo fodx, where f = Au. This form L is well-defined
(thanks to the proposition), and we get

IL(Ap)] < [Ifllzzllellzz < 4C% | fllr2 | Al 2.
By Hahn-Banach, L extends to a continuous linear form L on all of L?() such that
|L(v)] < 4C%|| £l p2lvll 2

for any v € L?(2). By the Riesz representation theorem, there exists u € L*(2) such that
L(v = [ovudz for any v € L? and [Ju||z2 < 4C?| f|| 2.
When v = Ay with ¢ € C3(Q2), we get

/U,Agoda:—/fcpdm.
Q Q

If u were of class C?(Q), we would get [Aup = [ fo Vo, so Au = f a.e. In general,
u € L?() satisfying the above equation is called a weak solution of Au = f.
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6.2 Strengthened Hahn-Banach theorem

Theorem 6.1. Let V' be a normed vector space over K = R or C, and let T : V — V
be a continuous linear map such that |T|| < 1 (||Tx| < ||z|| for all z € V). Assume that
T has a fixed point xg # 0 such that Txqg = xg. Then there is a linear continuous form
f:V — K such that || f|| =1, f(zo) = ||zol|, and f(Tx) = f(z) for allz € V.

Proof. Let us define |||z = inf |07  AyT™x||, where the inf is taken over all A, > 0
such that > A\, = 1, where only ﬁmtely many are nonzero in this sum.! We claim that
x +— ||z||7 is a seminorm on V. We only need to check the triangle inequality. Let z,y € V
and £ > 0. Then there exist A\, > 0 and p, > 0 with >\, = > u, = 1 such that

IS narmal| <lialir+e |3 matmy

By the triangle inequality,

| <yl +e.

|(Z0) () ] < | (A7) (™) o

normSl

) (S

< llzllz +llyllz + 2.

Now observe that

lz+yllr <D D Anpm | TV(z+y) :H(Z/\nTn) (ZMnT">(x+y)H-

n+m=j

Apply Hahn-Banach with respect to this seminorm. Let g : Kzg — C send azy —
allzgl|. Then |g(y)| = ||y|| = ||y||7 for all y € Kxy. Then g extends to a linear form f such
that f(zo) = ||zo|| and |f(z)| < ||z||7 for x € V. Finally, check that f(Tz) = f(z):

[f(Tz) = f(2)| = [f(Tz — )| < [Tz —zllr =0

for all x, where the last equality comes from

(1+TH+- -+ TV )T 0. O

N

1 2
| FGSE S
N
Remark 6.1. When T is the identity, this is the usual Hahn-Banach theorem.

!This is a really clever choice for a seminorm.
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6.3 Generalized Banach limits

Here is an application due to Banach himself. Let V' = (*°(N) with elements z =
(x1,x2,...,) with z; € C. Let the shift operator be (T'z); = x;4+1. By the theorem, there
is a continuous linear form f : /*° — C such that ||f|| =1, f(1,1,...) =1, f(Tz) = f(x)
for all z € £°°. Note that

[f (@) = |f(T")] < sup |,

>n
SO
|f(x)| < limsup|zy|.

n—o0

For all ¢ € C plugging in = + (c,c,...) gives

|f(x) — ¢| <limsup|z, — ¢|.

n—o0
So if (xy,) converges, then f(x) = lim, 00 .

Remark 6.2. If x is a real sequence, liminf z,, < f(x) < limsup z,,.
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7 Locally Convex Spaces

7.1 Topologies induced by seminorms

Let V be a vector space over K = R or C, and let (py)aca be a family of seminorms on
V. We may introduce a topology on V as follows:

O C V is open if for any x € O, there exists ¢ > 0 and finitely many seminorms
Dars---sPay such that Ny, o, = ﬂ‘jjzl{y €V :pa;(y—x) <e} CO. This defines a
topology on V, and the sets Ny, . o, are open. We shall assume that (po)aca separates
points: po(z) =0 for all a iff z = 0.

Remark 7.1. An open neighborhood of 0 of the form ﬂ;]:l{:n €V i pa(z) < €} is
balanced and convex.

Definition 7.1. A vector space with a topology defined by a family of seminorms is called
a locally convex space.

Proposition 7.1. A locally convex space is Hausdorff.

Proof. Let x,y € V be distinct, and let o« € A be such that p,(z —y) # 0. Then the open
sets Op = {2 €V :ipa(x—2) < pa(z—y)/4} and O, = {2 €V : pa(y — 2) < pa(x —y)/4}
are disjoint. O

Remark 7.2. In a locally convex space V', the vector operations + : V x V — V and
-+ K xV =V, given by (z,y) — = + y and (a,x) — ax respectively, are continuous. In
particular, translations z — x 4 y are homeomorphisms.

Remark 7.3. In a locally convex space, the convex, balanced, open sets of the form
ﬂjzl{x € V i pa,;(z) < e} form a fundamental system of neighborhoods of 0. Conversely,
assume that V is a vector space with a Hausdorff topology in which the vector operations
are continuous. Assume that 0 has a fundamental system of neighborhoods which are
convex and balanced. Then V is a locally convex space. Let N be such a neighborhood
of 0, and let p be gauge of N, p(z) = inf{t > 0 : x/t € N}. Then we know that p is a
seminorm on V,and N = {z € V : p(z) < 1}.

7.2 Continuity of seminorms

Proposition 7.2. Let V be a locally convex space with the topology defined by (pa)aca. A
seminorm p on V' is continuous if and only if there is some constant C > 0 and oy, ...,
such that p(x) < Cijlpaj () for allx € V.

Proof. We have |p(x+vy) —p(y)| < p(z), so p is continuous if and only if p is continuous at
0. To show that the condition for continuity is sufficient, we need that for all € > 0, there
exists a neighborhood of 0 € V' such that # € U = p(r) < e. We can take p,;(r) < &
for1<j<Jandd>0.
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On the other hand, if p is continuous at 0, then there is a neighborhood U of 0 such
that z € U = p(x) < 1. Thus, there exist € > 0 and seminorms pq,, ..., Pa, such that
Pa,(x) <eVje{l,...,J} = p(z) <1. Equivalently, if # > 0 and z is replaced by tz,
tpa,(v) <& = tp(x) < 1. Take

t= —— ,
Zj:l Pa, () + p
where p > 0. We get
1 J
p(x) <~ | D_pay (@) +
j=1
for all p > 0. O

Remark 7.4. Assume that we have 2 systems of seminorms on V, (pa)aca and (gg)geB-
The locally complex topology defined by (p,) is stronger (has more open sets) the lo-
cally convex topology generated by (gg) if and only if for any 8 € B, we have gg(z) <
Cijlpaj (x) for all z € V.

Example 7.1. The space V = C(R) becomes a locally convex space with the topology
defined by the seminorms p,(f) = supj, <y [f(z)]. This topology cannot be defined by
a single seminorm p. Otherwise, we would have that for every n, there is a constant
C,, > 0 such that p,(f) < Cpp(f) for every f € C(R). We can choose f € C(R) such that
f(n) = nC, for all n, contradicting this inequality when n is large.

Next time, we will show that a locally convex topology is metrizable if and only if it
can be defined by countable many seminorms.
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8 Metrizability and Fréchet Spaces

8.1 Metrizability of locally convex spaces

Last time, we introduced the idea of a locally convex vector space V where the topology
is defined by a family of seminorms (ps)aca. Here, O C V is open if for all z € I, there
exists an € > 0 and pay, - . ., pa, such that p,(y —z) <eVj = y€O.

Theorem 8.1. A locally convex space V' is metrizable if and only if the topology can be
defined by a countable family of seminorms.? The metric can be chosen to be translation
invariant : d(x,y) = d(z — y).

Proof. ( = ): Each neighborhood of 0 contains a set of the form {z € V : d(z,0) < 1/n}
for n € N. If the locally convex topology on V' is defined by the seminorms (p,), them
for all n, there exists p(™), a positive linear combination of finitely many p, such that if
p™(x) < 1, then d(z,0) < 1/n. So every neighborhood of 0 contains a set of the form
{z € V:p"(z) < 1}, and thus the seminorms (p{™), ey define the topology.

( <= ): Let us assume that the locally convex topology on V is generated by the
seminorms (p,)nen such that p,(x) =0Vn <= x =0. Set

oo

_ —n pn(x)
dlr) =22 1+ pn(x)

n=1
for each x € V. We have
1. d(z) >0 for z #0
2. d(—z) = d(x)

3. d(x+vy) <d(x)+d(y): We need to check that f(t) =¢/(1+1¢) for ¢t > 0 is increasing
and subadditive. It is increasing because f(t) = 1 — % f(t)/t is decreasing, so
f@)/t > f(t+5)/(t +s) when t,s > 0. So f(t) + f(s) > f(t + ).

We get that d(z,y) = d(z — y) is a metric on V.

We check now that the topology defined by d is the same as the topology defined
by the p,. If d(z) < €27V for some ¢ € (0,1), then 27"p,(z)/(1 + pn(z)) < 27V for
n < N. Then p,(x) <e/(1 —¢) for n < N. So any set of the form “a finite intersection of
{z € V : pp(z) < €}” contains an open d-ball around 0.

Conversely, if p,(z) < €/2 for all n < N, then

N (@) -
-n —n —-N
d(z) ;} 1+pn 7t %:H 1+pn( j <2yt <e
H/—/ ——
<e/(2+¢) <1

2We should also include the condition here that V' is Hausdorff, but we assume this is always true in our
definition of locally convex spaces because we assume that the seminorms separate points.
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for N large enough such that 2=V < £/2. Thus, any open d-ball around 0 contains all
finite intersections of sets of the form {x € V : p,(z) < e}. O

Remark 8.1. If (z;)jen is in V, then 2; = 2 < d(zj,2) = 0 < py(z; —2) = 0 for
each n.

8.2 Fréchet spaces

Definition 8.1. A locally convex, metrizable, and complete space is called a Fréchet
space.

Example 8.1. Let Q C R™ be open. The space C(f2) is a Frechet space with the topology
defined by the seminorms u +— sup,cg |u(x)| with compact K C Q. The topology is
metrizable as it suffices to use u — supg; u|, where K; = {z € Q: |z[ < j, d(z,Q°) > 1/j}.

If (u;) is a Cauchy sequence in C'(€2) (for compact K C Q, if supy |u; —ug] ElmiN 0), then

there exists u € C(f2) such that u; — u in C(Q). If Q C C is open, then the space Hol(£)
is a Fréchet space viewed as a subspace of C(2) because a uniform limit of holomorphic
functions is holomorphic.

Example 8.2. Let & C R” be open and j € NU {oo}. Then the space C7(Q) is a
Fréchet space with the topology given by the seminorms u — sup,cp |0%u(z)|, where
a=(a1,...,0,) €N, 0% =091 --- 09", and |a| :== D7) oy < J.

Tn )

Let (V1,(pn)), (Va,(gn)) be Fréchet spaces. A linear map T : Vi — V4 is continuous
if and only if for any n, there exists ¢ > 0 and p;,,...,p;, such that p; (v) < eVj =
gn(Tx) < 1. This condition is equivalent to g,(Tx) < Cy > 0L, pi;(x) for all n.

Example 8.3. A linear form u : C*°(£2) — C is continuous if and only if there exist C' > 0,
m € N, and a compact K C € such that

lu(f) < C > sup|o®f|

laj<m

for f € C*(Q).
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9 Applications of Baire’s Theorem I: The Open Mapping
Theorem

9.1 The open mapping theorem

Banach used Baire’s theorem to prove a number of striking results in functional analysis.
Recall Baire’s theorem.

Theorem 9.1 (Baire category). Let E be a complete metric space, and let (F,)nen be
closed in E containing no interior points. Then the union |J,_, Fy, has no interior points
either. Moreover, E # |J;° | F,.

Definition 9.1. We say that A C E is of the first category (or meager) if there exists
a sequence Fy, of closed sets without interior points such that A C J02 | F,.

Theorem 9.2 (Banach, open mapping theorem). Let Fy, Fy be Fréchet spaces, and let
T : Fy — F5 be linear continuous. Then either im(T) C Fy is of the first category, or else
im(7T) = Fy and the mapping T is open.

Proof. Let U be an open neighborhood of 0 in Fj. We claim that 7'(U) contains a neigh-
borhood of 0 in Fy, provided im(7') is not of the first category. Let V' be a balanced neigh-
borhood of 0 in F; such that V 4+ V C U. Then V is absorbing (for x € Fy, Az € V for
sufficiently small |A|). So Fy = J,2; nV means that im(T) = |J;2, T'(nV) C U2, T(nV).
Since im(7T") is not of the first category, for some n, T'(nV') = nT' (V') has an interior point.
Then T'(V') has an interior point. So there exists y € Fy and a neighborhood W of 0 in F5
such that {y} +W C T(V). Theny € T(V). V = —V since V is balanced, so —y € T'(V).
SoWCTWV)+{—y} (T (V)-T(V))=T(V)=T(V). Weget W CT(V+V)CTU),
as claimed.

Let dF, be a translation invariant metric on £ generating the topology on £}, and define
dp, similarly. Thus, for any r > 0, there exists p > 0 such that Bg,(0,p) C T(Bg, (0,7)).
The metrics dp,,dp, are translation invariant, so for any r > 0, there exists a p > 0 such
that for any = € Fi, Bp,(Tz,p) C T(Bp,(x,r)). Let r > 0 be arbitrary and let r,, = /2"
for n € N. We get the corresponding p,, sequence such that Bp,(Tx, p,) C T(Bp, (z,75))
for all x € F1. We can arrange so that p, | 0.

Let y € Bp, (T, po). We shall show that there is an 2’ € F} such that dp, (z,2') <
2r and y = T2'. Let 1 € Bp,(x,79) be such that dp,(y,Tz1) < p1 <= y €
Bp,(Tx1,p1) € T(Bp,(z1,71)). Let zo € Bp (x1,r1) be such that dg,(y,Tx2) < pa.
Then y € Bp,(Tx2,p2) € T(Bp,(x2,72)). Continuing in this fashion, we get a sequence
() in Fy such that x,41 € T(Bp, (2, r,)). Then (x,) is a Cauchy sequence in Fj, and
dp,(y,Txn) < pn — 0. We get x, — 2/ € Fy, where dp, (z,2") < 2r, and, since T is
continuous, Tz, — T2'. Soy =T’

So we get that for all » > 0, there exists p > 0 such that Bp,(Tx, p) C T(Bp,(z,2r)).
Hence, im(T') = F», and T is open. O
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Corollary 9.1. Let T : Fy — F5 be an injective, linear, continuous map between Fréchet
spaces. Then either the range of T is of the first category, or im(T) = Fy, and T is a
homeomorphism.

9.2 Application of the open mapping theorem to partial differential equa-
tions

Let P(D) = > 4 <m @aD®, where D* = Dgt---Dgn and Dy; = (1/i)0;; be a partial

differentiation operator (on R™) with constant coefficients a, € C. Assume that for some

open set 2 C R, every solution u € C™(Q2) of Pu = 0 is in fact in C"™(Q) (e.g.

P = A, the Laplacian). Then we have Im(¢) — oo if { — oo on the suface in C" given by

0=P(¢) = >_jaj<m 9a¢®. We will do this in detail next time.
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10 Applications of Baire’s Theorem II: The Closed Graph
Theorem

10.1 Differential operators and the open mapping theorem

Last time, we had a differential operator P(D) on R™ with constant coefficients and of
order m such that if v € C™(Q), with Q C R" open, then Pu =0 = u € C™(Q).
Write P(D) = ngm a,D?.

Proposition 10.1. If |Im(¢)| — oo as |[¢| — oo, then ¢ € P~1(0) C C", where P(¢) =
ngm aa (.

Example 10.1. If P(D) = —A = 77, D7, then P(¢) = >7_, ¢} = ¢ ( for ¢ € C".
We get P~1(0) = {C € C" : |Re(¢)] = |Tm(Q)], Re(¢) - Im(¢) = 0}. So |¢] = oo along
P710) <= [Im(¢)| — oo along P~*(0).

Example 10.2. Consider also the Schrodinger equation: idu = —A,u, where (z,t) €
R™ x R. Then P(D,,D;) =) ng + D, gives us the polynomial P(§,7) =& - & + 7, where
¢ €R" and 7 € R. If |¢| + |7| — oo along P~1(0), the Schrédinger equation has a solution
in C%\ C3.

Proof. Let Fy = {x € C"™"(Q) : Pu =0} and Fy = {x € C™(Q) : Pu = 0}. Then F; and
Fy are Fréchet spaces. Our assumption is that the inclusion map F; — F5 is surjective.
By the open mapping theorem, the inverse Fo — F} is continuous. So for any compact set
K C Q, there exists a compact set K’ C Q and C > 0 such that

Z sup [0%u| < C Z 5111<p|0°‘u|

|a|<m+1 K |a| <m

for any u € Fy = Fy. If ( € C" is such that P(¢) = 0, then apply this inequality, where
u(z) = <. Then P(e¢) = P(¢)e™¢ = 0. So we get

a|,—zIm(¢) <C «a —z-Im(¢)
su e sup e .
E p ¢ = E |¢¥| sup

laj<m+1 K la|<m

So there exists C > 0 such that

Yo 1€ < CemONN T = 01+ [¢)™).

|| <m+1 la|<m

It follows that | Im({)| — oo when |(| — oo and P(¢) = 0. O
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10.2 The closed graph theorem

Definition 10.1. Let T : D(T) — F,, where D(T) C F} and Fi, F5 are Fréchet spaces.
We say that T is closed if when z,, € D(T') with x,, - x € F} and Tz, — y € F5, then
z € D(T) and y = Tx.

Note that T is closed iff the graph of T', G(T') = {(z,Tz) : x € D(T)} is closed in
Fy @ Fy. If T is linear and closed, then the graph of 7" is a Fréchet space (as a closed linear
subspace of a Fréchet space).

Theorem 10.1 (closed graph theorem). Let T : D(T) — F3 be a closed linear map, where
D(T) C Fy. Then either D(T) is of the first category in Fy, or D(T) = Fy and T is
continuous. The range of T 1is either of the first category, or it is all of F5.

Proof. For the first statement, apply the open mapping theorem to the linear, continuous,
injective map G(T') — F} given by (z,Tz) — x. For the second statement, apply the open
mapping theorem to the map G(T') — F; given by (z,Tx) — T'z. O

Corollary 10.1. Let H be a Hilbert space, and let T : H — H be linear such that F(T) = H
and T is symmetric ((Tx,y) = (x,Ty)). Then T is continuous.

Proof. Check that T'is closed. If z,, -« € H and Tx,, -y € H, then (T'xy,, 2) = (v, T2)
for all x € H. Then (y,z) = (x,Tz) = (Tz,z) for all z, so y = Tz. O

Corollary 10.2. Let By, By, By be Banach spaces, and let T; be closed linear maps D(T};) —
Bj with D(Tj) C By for j = 1,2. If D(Th) € D(T3), then there exists some C > 0 such
that || Tox|| < C(|Thz|s, + |2l 5,) for any x € D(T1).

Proof. Consider the map T : G(T}) — By sending (z,Tiz) — Tox. It suffices to show
that 7" is closed. Suppose that (x,,T,) converges in G(T}) and (Tax,) converges in Bs.
T; is closed, so z, — = € D(T1), and Tix,, — Thz. T» is closed, so x € D(T3), and
Tgl’n — TQZ‘. ]
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11 Applications of Baire’s Theorem III: The Uniform Bound-
edness Principle

11.1 Equicontinuity

Definition 11.1. A subset M of a locally convex space V' is bounded if every continuous
seminorm p is bounded on M: sup,c p(z) < C < oo.

When Vi, Vs are locally convex, we let £(V1, V) be the space of all linear continuous
maps Vl — VQ.

Definition 11.2. We say that ® C £(V1, V) is equicontinuous if for every neighborhood
U, of 0 in V3, there is a neighborhood U; of 0 in V; such that z € Uy = Tz € Us for
every T € ®.

If p; is a continuous seminorm on V; (j = 1,2) that U; = {z € V} : pj(z) < 1}, then
the equicontinuity of ® means that p1(z) <1 = pa(Tz) < 1 for all T' € ®. This implies

that po(Tx) < pi1(z) forall z € Vi and T € ®. We get that & C L(V1, V) is equicontinuous
if and only if there exist a continuous seminorm p1,ps on Vi, V5 such that

p2(Tx) < pi(x)
forallx € Vi and T € ®.

Remark 11.1. If V;,V, are normed spaces, then ® C £(V}, V3) is equicontinuous means
that there exists C' > 0 such that ||Tz||y; < C|z||y, for all z € V; and T' € ®. That is,
1T zvy 1) < C for every T € .

11.2 Proof of the uniform boundedness principle

Theorem 11.1 (Banach-Steinhaus, uniform boundedness principle). Let F' be a Fréchet
space, and let V' be a locally convex space. If & C L(F, V) is such that for each x € F the
set {Tx : T € &} CV is bounded, then ® is equicontinuous. On the other hand, if ® is
not equicontinuous, then the set of all x € F such that {Tx : T € ®} is bounded is a set of
the first category.

Proof. Let U be an open, convex, balanced neighborhood of 0 in V', and consider the set
A={z € F:Tz €U VT € ®} =\pep T ' (U). A is an intersection of closed sets, so it
is closed. A is convex as the intersection of convex sets. Also, A is symmetric. Distinguish
between two different cases:

1. A has an interior point for any choice of U: Then there exists z¢ € F' and a convex,
symmetric neighborhood of 0 in F' (call it V') such that {xo} +V C A. Since V is
balanced, {—z¢} +V C A, and the convexity of V' gives

V= S({mo} + V) + 5 ({~w0} + V) C A
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We get that V C (Vyee T H(U), so T(V) C U for all T € ®. So @ is equicontinuous.

2. There exists a neighborhood U such that A = Npcq T-1(U) has empty interior.
Then |J;2;,nA C F is of the first category, and we claim that it contains the set
{r € F:{Txz:T € &} is bounded}. Take a continuous seminorm p on V such that
{y : p(y) <1} C U. Then, since p(Tx) < C for all T' € ®, there exists some n € N
such that p(Tz/n) <1 for all T € ®. So T'(z/n) € U for all T € ®, and so z/n € A,
which makes z € nA.

To summarize, if {Tx : T € ®} is bounded for all z € F, then we are necessarily in
case 1 by the open mapping (aka Baire’s) theorem. If ® is not equicontinuous, we are in
case 2, and the set {x € F : {Tx : T € ®} is bounded} is of the first category in F. O

11.3 Applications of the uniform boundedness principle

Corollary 11.1. Let F be a Fréchet space, and let V be locally convexr and metrizable.?
Let T € L(F,V) be such that for all x € F, the sequence (Tjx) converges in V. Let
Tx =1limj o Tjxz. Then T € L(F,V).

Proof. Linearity is preserved under limits, so T is linear. For any continuous seminorm p
on V and for all x € F, p(Tjz) < C(x) for all j. By the Banach-Steinhaus theorem, (7}) is
equicontinuous. That is, for every continuous seminorm py on V', there exists a continuous
seminorm p; on F such that po(Tjx) < pi(x) for all z € F and for all j. If we let j — oo,
we get pa(Tz) < pi(x),so T € L(F,V). O

Let f € C(R) be 27-periodic. Associated to f is its Fourier series Y °° ¢, (f)e™?,
where

cn(f) = 217r/_ f(z)e™ " dx

are the Fourier coefficients. Let Sy(f,z) = SV ~en(f)em®. Next time, we will show
that for all 27-periodic f € C(R) outside of a set of the first category, (Sn(f,x))3_; is
unbounded for all z € Q.

3The metrizability of V is not actually necessary in this result.
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12 Unbounded Fourier Coefficients and Bilinear Maps

12.1 Unbounded partial sums of Fourier coefficients

Last time we introduced an application of the Banach-Steinhaus theorem. Let S, (f,0) =
Z]XN cn(F), where ¢, (f) is the n-th Fourier coefficient of f.

Proposition 12.1. There exists a 2m-periodic f € C(R) such that the sequence (Sn(f,0))%_,
s unbounded.

Proof.
N ™

Sulf.0) = 3 )= | Dn()f(x)da,

n=—N -
where D(z) = ZJXN e is the Dirichlet kernel. We have

sin((N +1/2)z)
sin(z/2)

DN($> =

If the claim does not hold, we have that (S, (f,0)) is bounded for all f € B, the Banach
space of continuous 2m-periodic functions with ||f||p = supj_, r|f|. By the Banach-
Steinhaus theorem, there exists C' > 0 such that [Sy(f,0)| < C|/f||p for all f € B and
N eN*. So

Dy (z)f(x)de| <|[fllp = [Dnllpt(—nm < 1.

‘ ™

On the other hand,
1Dl _ 2 T sin((N 4+ 1/2)x)|
NILH=mm) = 9r |, sin(z/2)
4 [T |si
/ |sin((N 4 1/2)z)| de
2 0 X

(N+1/2)7 | o
_2 [
0

Y

™ x

v

N-1
9 (n+1D)m | o3
2§ [t
™ n

n=1 "7 x

N
4 1
> -
— 72 nZ:Qn
4
= ﬁlog(N) +0(1)

as N — oo. If follows that the set of all f € B such that (Sn(f,0))%_; is bounded is of
the first category. By translation invariance, we get the same statement for (Sn(f,z))¥_;
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for each fixed x € R. Taking the union over all x € Q, we get a set of the first category
such that if f is in the complement, then (S, (f,2))3_; is unbounded for all z € Q. O

Remark 12.1. Notice that for all f € B, we have Sy(f,z) = o(log(N)) uniformly in z,
as N — oo. This follows as ||D| 1 = O(log(N)) and Sy(f,x) = O(1) for 2m-periodic
f € CY(R) (dense in B).

12.2 Bilinear maps
Let E, F,G be locally convex spaces, and let B : E x F' — G be bilinear.
Proposition 12.2. Assume that B is continuous at 0 € E X F. Then B is continuous.

Proof. Let Ug be a neighborhood of 0 € GG, and let Ug, Ur be neighborhoods of 0 in E, F
such that if z € Ug and y € Up, then B(z,y) € Ug. Write B(x + zo,y + yo) = B(z,y) +
B(z,yo) + B(xo,y) + B(zo,y0). As Ug,Up are absorbing, let £ > 0 be such that exg € Ug
and ey € Ug. Then B(z,y0) = B(z/e,ey) € Ug if x/e € Ug. Similarly, B(zo,y) € Ug
if y/le € Up. When € Up NeUg and y € Up NeUp, B(x + zo,y + yo) — B(zo,y0) €
Ug +Ug + Ug. O

We have that B : E' x F' — (G is continuous iff for every continuous seminorm pg on G,
there exist continuous seminorms pr on E and pg on F' such that

pc(B(z,y)) < pe()pr(y)
forallz € Fand y € F.

Definition 12.1. We say that a bilinear form B is separately continuous if the linear
forms z — B(z,y) for fixed y and y — B(x,y) for fixed x are continuous.

Theorem 12.1. Let E be locally convex and metrizable, F' a Fréchet space, and G a
locally convex space. If the bilinear form B : E x F' — G is separately continuous, then B
18 continuous.

Proof. Let U be a an open, convex, symmetric neighborhood of 0 € G. Let V1 D V5 D - --
be a fundamental system of neighborhoods of 0 in E. Let

Aj={yeF:Ba,y)cUvzecV;}= () B (z,)(0)
zeVj

As y — B(z,y) is continuous, A; is closed. It is also convex and symmetric. For any y € F,
x + B(z,y) is continuous, so there exists j such that € V; = B(z,y) € U. In other
words, Ujoil A; = F. By the open mapping theorem, there exists some j such that A; has
an interior point. Arguing as in the proof of the Banach-Steinhaus theorem, we get that 0
is an interior point of Aj; i.e. there exists a neighborhood N of 0 € F' such that if y € N
and x € V;, B(z,y) € U. Thus, B is continuous at 0 and hence continuous. O
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Remark 12.2. It suffices to have a locally convex topology on E defined by countably
many seminorms (no Hausdorff property is needed).
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13 Non-Solvability of Lewy’s Operator

13.1 Continuity of bilinear forms

Here is a slight reformulation of a theorem we proved last lecture.

Theorem 13.1. Let E be a locally convex space with the topology defined by countably
many seminorms (not necessarily Hausdorff), F be a Fréchet space, and let G be locally
convex space. Let B : E x F' — G be bilinear such that for all x € E, y — B(z,y) is
continuous. If B is not continuous, then the set of all y € F such that © — B(x,y) is
continuous is a set of the first category.

The proof is roughly the same, as well. We sketch it briefly.

Proof. Let A; = {y € F: B(z,y) € UVz € V;}, where U is a neighborhood of 0 in G and
V; form a fundamental system of neighborhoods of 0 in E. Then A; is closed, convex, and
symmetric. We claim that if y € F' is such that  — B(x,y) is continuous, then y € A; for
some j. If A; has a nonempty interior for some j, then B is continuous. Thus if B is not
continuous, the set {y € F': x — B(x,y) continuous} C Uj Aj; is of the first category. [

13.2 Non-solvability of Lewy’s operator

Theorem 13.2 (H. Lewy, 1957). There exists f € C™(R3) such that the differential
equation Pu = (Dy, + 1Dy, +2i(x1 +ix2) Dy, )u = f does not have a distributional solution
u in any neighborhood of 0. Here, Dy, = Oy, /1.

Remark 13.1. One can show that this differential equation cannot be solved in any open
set in R3.

Proof. This argument is due to Hérmander. Let Q C R? be an open neighborhood of 0.
What it means for u € D(Q) to solve this equation is that for all test functions ¢ € C§°(Q),

Puly) = f(p) = / Jod.
——
u(=Pp)

Therefore, for any compact set K C €, there exist C, m such that

(@) <C Y sup|9*(Py)

laf<m

when ¢ € C§°(€2) with supp(¢) C K.
Let W = {p € C§°(Q2) : supp(p) € L} with the locally convex topology given by
the seminorms ¢ — 3, <., sup [0 Pyp| (only countable many seminorms occur). F =

C>(R3), which is Fréchet. Now consider the bilinear map B : E x F — C given by
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(¢, f) — [ fedz. B is continuous in f for any fixed ¢. B is also continuous in ¢ if the
equation Pu = f has a solution v € D(2), in view of the above inequality.

We claim that the map B is not continuous provided that 0 € int(K). Assume that B
is continuous. Then there exist a compact L C R3, C, and m such that

if)l<c| > suplo*Pel | [ > sup 9" f|

la|<m la|<m

for all ¢ € C§° with supp(p) C K and f € C°(R3).

The idea is to show that the estimate is not valid by constructing a quasimode of
P: we want to have ¢ such that Py ~ 0 and ¢ ~ 1. The form of P gives us that
P(z3 + 23 +ix3) = 0. Consider

w(x) =~ [—xl — x% — 4T3 + (xf + x% + ix3)2} .

This satisfies Pw = 0. Note that w = I [~[z|? —iz3 + O(|z[®)], so Im(w) = |z|* +
O(|z|3) ~ |z|? near 0. Let x € C§°(R?) be such that x = 1 near 0 and such that Im(w) >
|22|/2 on supp(x). Let Vi(z) = x(2)e**®) € C5° with A > 1. Then supp(vy) € K, and
lua| ~ e~**I*. Take vy = ¢ in the inequality. Then Pvy = (Px)e™* = O(e~) with ¢ > 0.
We get

Z sup |0 Pyp| = O(\"e™) 270,

la|<m

Take f(z) = fr(x) = e?*3\3h(Az) for 0 < h € C§° with [h = 1. The right hand side in
the inequality is O(A™e~“*\3+M)  which goes to 0 as A — oco. The left hand side is

/ei)‘x3)\3h()\x)x(a:)ei)‘w(x) dr = /e"“h(aﬁ)x(m/)\)e“‘w(gﬁ/)‘) de 22 [ h=1.

We get that the set of f € C™ such that the equation pu = f has a solution v € D'(Q)
is of the first category. O

4Up to this point in the proof, we have not used the form of the operator P at all. This argument shows
that if we can find a quasimode for any operator P with this property, then we can show that P has no
solutions in this sense.
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14 Fredholm Operators

14.1 Fredholm operators

Definition 14.1. Let By, By be complex Banach spaces. An operator T' € L(Bj, B2) is
called a Fredholm operator if ker(7") and coker(7') = By/im(T") are finite dimensional.

This is an operator that may fail to be injective and surjective by only finitely many
dimensions.

Definition 14.2. The index of a Fredholm operator T is defined as ind(7") = dim(ker(7"))—
dim(coker(7)).

Remark 14.1. If T € L£(By, Ba), then ker(T) C Bj is closed. However, im(7") need not
be closed. For example, take By = By = C([0,1]), and T'f (z) = [; f(y) dy.

Theorem 14.1. Let T € L(Bi, Ba) be such that dim(coker(7T")) = codim(im(7)) < oo.
Then im(T') C By is closed.

Proof. We can assume that 7T is injective; otherwise, consider T : By / ker(T) — By given by
& +ker(T) — Tz. Then T is injective, and im(7) = im(7T"). Let dim(By/im(T)) = n < oo,
and let xy,...,2, be such that z; + im(7T),...,z, + im(T) form a basis for By/im(T).
Then for an y € By, we can write

n
y="Tz+ Z a;x;
j=1

for z € Bj.

The linear continuous map S : C" — By given by (ay,...,a,) — Z}l:l a;x; is injective,
and By = im(7T) @ im(S). It follows that the map 7)1 : By & C" — Bj sending (z,a) —
Tx + Sa is a linear, continuous bijection, and by the open mapping theorem, 77 is a
homeomorphism. We get im(7") = T1(B; @ {0}), which the image of a closed set. So
im(T") C By is closed. O

In particular, any Fredholm operator has closed image.

14.2 Perturbing Fredholm operators

Lemma 14.1. Let B be a Banach space, and let S € L(B, B) be such that ||S|| < 1. Then
the operator I — S has an inverse in L(B, B).

Proof. Consider the Neumann series R = Y 3o, S%. This converges in £(B,B) since
Sie ISMI < S5R20 IS1% = 1/(1 = [|8]]) < 0o We have R(I —§) = (I — S)R=1. O

Remark 14.2. Let T € L(By, B2) be bijective. Then T~! is continuous by the open
mapping theorem, and T + S = T'(I + T~1S) is invertible, provided that ||T7!|||S] < 1.
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Theorem 14.2. Let T € L(B1, Bs) be a Fredholm operator. If S € L(B1, Ba) is such that
IIS|| is sufficiently small, then T + S is Fredholm and ind(T + S) = ind(T).

Proof. Let T : By — B be Fredholm, and let ny = dim(ker(7")) and n_ = dim(coker(7)).
Let R_ : C"= — By be linear, continuous, and injective such that By = im(7) & R_(C"~).
Let e1,...,e,, be a basis for ker(T'), and let ¢1,...,¢,, € B} such that ¢;(ex) = 0;;
these exist by Hahn-Banach. Let Ry : By — C™+ send  — (p1(2), ..., ¢n, (x)). Then Ry
is linear, continuous, and surjective, and R |i(7) is bijective.

Let us introduce the operator®

T R_
— . n— TL+
P_|:R+ 0].31@(3 — By @ C".

We claim that P is bijective. If z € By and a € C"—, then

-]

P is injective since R [ker(7) Was given to be bijective. By construction, P is surjective. It
follows that

s [T+S R-
="
is also invertible, provided that [|S|| is small enough. Let £ : B © C"* — By ® C"~ be the

inverse of P:
&=

[E By
B EJ ’
We have £ : By — By, EL :C™ — B, E_: By — C" and F_ : C"* — C"~. Observe
that
ﬁg:[T—l-S R_HE Eﬂ:[* * }
Ry 0| |EF- FE_4 x RiE.|’

so RLEL = 1. So E4 has a left inverse, which means it is injective. Similarly, E_R_ is
the identity on C"~, so E_ is surjective. We will finish the proof next time. O

5This operator is sometimes called the Grushin operator.
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15 Perturbation of Fredholm Operators and the Logarith-
mic Law
15.1 Perturbation of Fredholm Operators

Last time, we were showing that Fredholm operators are stable under small perturbations.
Let’s finish the proof.

Theorem 15.1. Let T € L(B1, Bs) be a Fredholm operator. If S € L(B1, Ba) is such that
IIS|| is sufficiently small, then T + S is Fredholm and ind(T + S) = ind(T).

Proof. We take a “Grushin approach.” Let P : By ® C"~ — By @& C™* be
T R_
P [R+ 0 } ’
where ny = dim(ker(7)), n— = dim(coker(7T")), R— : C"~ — By is injective, and R4 :

B — C™+ is surjective. Then P is invertible, so

75_[“5 R]

Ry 0
is also invertible with the inverse £ : By & C"*+ — By @ C"~ given by
-l 2]
E_ E_ .|’
We have

o R+ 0 E_ E_+ o * R+E+ ’

so Ry F. is the identity on C"+. So E. is injective. Similarly,

- * *
£p = L E_R_} ’

so E_ is surjective.
We now show that 7'+ S is Fredholm.

zeker(T+95) < (T'+9S5)z=0



where ay = Ryx € C™. We get that x € ker(T'+ S) if and only if x = E a, were
ay € ker(E4_). Thus, Ey : ker(E_y) — ker(T + 5) is surjective. So it is injective, since
ker(E_) is finite dimensional. So dim(ker(7 +5)) = dim(ker(E_4)) < ny. In particular,
we get that dim(ker(7 + 5)) < dim(ker(7)).

Also,

rosemy = [0 ][]

= [o]=¢]
0 a+
— rz=Fy+erar,0=E_y+E_ja4.
Thus, im(T'+ S) = {y € By : Jax € C"t s.t. E_y = —FE_jay}. We get a map from
By/im(T + S) — C"/im(F_;) given by y + im(T + S) — E_y + im(E_4). The
map is injective and surjective since E_ is surjective. We get dim(coker(T + S)) =

dim(coker(E_4)) < oo. Thus, T'+ S is Fredholm and

ind(T'+ S) = ind(F_4) = dim(ker(E_4)) — dim(C"/im(E_4))
=ny —n_ = dim(ker(7)) — dim(im(7")) = ind(7). O

Corollary 15.1. The set {T € L(By,Bs) : T is Fredholm} is open in L(By, Bs), and the
index is constant on each component of this set. Moreover, dim(ker(T)) is upper semicon-
tinuous.

15.2 The logarithmic law

Proposition 15.1. Let Th € L(B1,Bs) and Ty € L(Bg, Bs) be Fredholm. Then TyT) €
L(B1, B3) is also Fredholm, and we have “the logarithmic law”

ind(TQTl) = 1nd(T2) + ll’ld(Tl)

Proof. Consider T : ker(T5T7) — ker(7%) sending x +— Tjz. From linear algebra, we have
dim(ker(T5T5)/ ker(T1)) < dim(ker(7%)). So

dim(ker(75T1)) < dim(ker(77)) + dim(ker(77)) + dim(ker(73)).
Also, we have the exact sequence
By/im(Ty) — 2 Bs/im(TyTy) — Bs/im(T3)

where T sends x +im(T2) — Thx +1im(7571), and ¢ sends = +im(7271) — x +im(T%). So
we have im(7%) = ker(q). It follows that dim(Bs/im(727})) < co. So T»T} is Fredholm.
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To prove the logarithmic law, consider the family of operators B; @& By — Bs @ Bj

iven b
o R e A o

where I is the identity on Bg, and ¢ € R. Then L(¢) is a product of 3 Fredholm operators
and is Fredholm for each t.

The map ¢ — L(t) is continuous (w.r.t. the operator norm on £(B; & Ba, B2 @ B3)).
Then ind(L(t)) is locally constant, so it is constant. If ¢ = 0, we get

o= [ g

so ind(L(0)) = ind(T1) + ind(Ty). If t = —7/2,
N Al sl A P

wcomf]-lt)

Since ind(L(—7/2)) = ind(T571), we get the logarithmic law. O

That is,

15.3 Introduction to compact operators

Definition 15.1. A linear operator 1" : By — B between Banach spaces is called compact
if the closure of the image of the unit ball in B; is compact in By: T'({||z|| < 1}) is compact
in BQ.

In other words, T' is compact if and only if for ||z,| < 1, (T@,)nen has a convergent
subsequence. Also, compact operators are continuous.
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16 Compact Operators and Riesz’s Theorem

16.1 Compact operators

Last time, we said that a map T : By — Bs is compact if given ||z,| < 1, then (T'zy,)nen
has a convergent subsequence.

Example 16.1. Let Bl = Cl([O, 1]) with ”fHBl = ||f||Loo + ||f/HLoo and BQ = C([O, 1})
eith || f||B, = ||fllzee. Then the inclusion map B; — Bs is compact by Ascoli’s theorem.

Example 16.2. Let k£ € C([0,1] x [0,1]), and consider K f(x) = fol E(z,y)f(y) dy. Then
K : L?((0,1)) — L?((0,1)) is compact by Ascoli’s theorem.

Proposition 16.1. Compact operators have the following properties:

1. The space Lo(B1,Ba) of compact linear maps B1 — By is a closed subspace of
L(B1, Bs).

2. Compact operators form an ideal: if Ty € L(B1, Ba), T € L(Bg, Bs), and either T}
or Ty is compact, then ToTy € Lo(B1, Bs).

3. If T € L(Bi1, B2) has finite rank (dim(im(7T)) < oc), then T is compact.
Proof. We prove the properties one at a time:

1. T is compact <= T({||z| < 1}) compact <= T({||z| <1}) is complete and
totally bounded <= T ({||z|| < 1}) is totally bounded. Let T,, € Lc(B1, B2)
be such that T,, — T in L£(Bj, Bz). Let ¢ > 0 be given, and let N be such that
T — Tn|| < e/2. Then, since Tn({|lx]| < 1}) is totally bounded, T ({||z| < 1}) C
Ujer finite B(7j.€/2). We get that T({||z|| < 1}) € U,;¢; B(xj,/2), so T' is compact.

2. This property is clear.

3. We have a factorization 7' : By — By /ker(T) — By given by x +— = + ker(T') — T'z.
The space B/ ker(T') = im(7T) is finite dimensional, and since the identity operator
ina finite dimensional space is compact, we get that 1" is compact. ]

16.2 Riesz’s Theorem

Theorem 16.1 (F. Riesz). If the identity map on the Banach space B is compact, then B
s finite dimensional.

Remark 16.1. This is clear if B is a Hilbert space; consider an orthonormal basis.
Lemma 16.1. Let By C B be a proper, closed subspace. Then for every e > 0, there exists

x € B such that ||z|| = 1, and dist(z, By) = infyep, || —y|| > 1 —¢.
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Proof. Let x € B\ By, and let d = dist(z, By) > 0. Let x; € By be such that d < ||z—z1]| <
d/(1 —¢). We can take x = (2—1)/||z — x1||. For any y € By, we have

—yll = 2 — gy — — d
e = yll = 2 — 21— yllz = ]l L. .

Iz — 21| ~ |z — @]
Now we can prove Riesz’s theorem.

Proof. If B is infinite-dimensional, there exists a strictly increasing sequence By C By C

- of finite dimensional subspaces of B. Using the lemma, we find z; € B; such that
dist(z, Bj—1) > 1/2. In particular, ||x; — x| > 1/2 for £ < j, so (z;) has no convergent
subsequence. ]

Theorem 16.2 (Fredholm-Riesz). Let B be a Banach space, and let T € Lo(B, B). Then
I —T is Fredholm, and ind(I —T) = 0.

Before we prove this, let’s prove a proposition.
Proposition 16.2. Let T € Lo(B, B). Then
1. dim(ker(I — T)) < oo.
2. im(T —T) is closed.
Proof. This is a crucial observation to any proof of the Fredholm-Riesz theorem.

1. Let z, € ker(I — T) with ||zy| < 1. Then z,, = Tx, has a convergent subsequence.
By Riesz’s theorem, dim(ker(I — T)) < oo.

2. Let y € im({ —7T) and let =, € B be such that y, = (1 — T)z, — y. Consider

dist(zy,, ker(I — T)). This equals ||x, — 2| for some z, € ker(I — T') because y —
||zr, —y|| is continuous and goes to co as y — co. We have that y, = (I-T)(x,—2p) =
Ty, — 2n — T (@0 — 2n).
We claim that (x, — z,) is a bounded sequence. Otherwise, we can assume that
|xn — 2zn|| — 00. Let wy, = (2, — 2n)/||xn — 2n||. Then ||w,| =1, and (I — T)w, =
Yn/l|Tn — zn|| = 0 as (y,) converges. Passing to a subsequence, we may assume that
Twy, — v € B, sow, = V. So (I —T)v=0. On the other hand,

dist(zy, ker(I —T))

|Zn — 2nl|

dist(wy, ker(I — 7)) =

Y

so dist(v, ker(I—T)) < 1, and we get the claim. We will finish the proof next time. [J
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17 Adjoint Operators and Annihilators

17.1 Translates of compact operators

Last time, we had that if T': B — B is compact, dim(ker( — 7)) < oc.
Proposition 17.1. im(I — T) is closed.

Proof. Last time we showed that there exists a bounded sequence x,, € B such that (I —
T)xz, — y. We can assume that Tx,, — ¢ € B, so x,, converges. In particular, x,, — y + ¢.
Ifg=y+¢ then (I —T)g =lim, ool —T)xp, =y. Soy € im(I —T). O

To show that dim(coker(/ —T")) < oo, we use duality arguments.

17.2 Adjoint operators

Let By, By be Banach spaces with dual spaces Bf, B; and the bilinear maps B; x Bj"»‘ —C
given by (z,§) = (z,€).

Theorem 17.1. For every T € L(B1, Ba), there exists a unique operator T* € L(Bj, B})
such that (T'x,n)q = (x,T*n), for allx € By andn € B;. Moreover, the map L(B1, By) —
L(B;, B7) given by T — T* is a linear isometry.

Proof. Let n € Bj be fixed. The map x — (T'z,n), for € By is a linear continuous form
on By with norm sup, | (T'z,m)y |/[|z[| < [|T[/||n]]. Thus there exists a unique element
¢ € Bf such that (Tz,n), = (z,&); and ||€]| < ||T|||lnll. The map B5 — Bj given by
n +— & is linear and continuous of norm < ||7'||. Thus, there exists a unique operator
T* € L(B3,BY) such that (T'z,n), = (x, T*n), and [|T*| < ||T].

Now, from an earlier consequence of Hahn-Banach,

Tx,n x,T*n
] = sup KWl _ g, KB Tl e
nzo Il o
So ||IT|| < ||T™||, and the result follows. O

Definition 17.1. The operator T* is called the adjoint operator of T

17.3 Annihilators

Definition 17.2. Let B be a Banach space, and let W C B be a closed subspace. The
annihilator of W is defined as W° = {{ € B* : (z,£) = 0Vx € W}.

The annihilator is a closed subspace.

Theorem 17.2. Let W be a closed subspace of a Banach space B.
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1. Let i : W — B be the inclusion map. Then i* : B* — W* wvanishes on W° and
induces an isometric bijection B*/W° — W*.

2. Let q: B — B/W be the quotient map. Then ¢* : (B/W)* — B* is an isometry with
the range W°.

We have the natural isomorphisms B* /W = W* and (B/W)* = W°.
Proof. The proof mainly consists of checking the definitions:

1. We have (iz, &) = (x,i*§) for x € W and { € B*. Thus, ¢*¢ is the restriction of £ to
W. So ker(i*) = W*. By the Hahn-Banach theorem, every continuous linear form
on W can be extended to an element of B*. So i* : B* — W™ is surjective. One can
check that for all { € B*, ||i*¢||w+ = inf,ewo ||§ + 0l B=.

2. Let ¢ : B — B/W. Then (qz,n) = (z,q*n), where x € B and € (B/W)*. Then ¢*
is injective, as its kernel is trivial. If z € W, 0 = (qz,n) = (x,q*n), so im(¢*) C W°.
On the other hand, if £ € W?, we can factor

B B/W q(z)—(x,£) C.

So if n is the second map, then & = ¢*n. So im(¢*) = W° We can check that
1€llB= = lnllz/w)=- O

Theorem 17.3. Let T € L(By,B2) and assume that im(T) is closed. Then im(T*) is
also closed, (ker(7))° = im(7T™), (im(7))° = ker(T)*, dim(ker(7")) = dim(coker(7T™)), and
dim(ker(7*)) = dim(coker(T)).

Proof. Factorize T' = T3T5Ty, where T} : By — Bj/ker(T) is the quotient map, Ts :
By /ker(T) — im(7T) is an isomorphism, and 73 : im(7) — By is the inclusion map.
Then T = TYT5T5. T3 : By — (im(7T')) = B3/(im(T))° is surjective. Ty : (im(7"))* —
(B1/ker(T)) = (ker(7))° is an isomorphism. T3 : (ker(T"))® — Bf is the inclusion map.
We get that im(7™) = (ker(T"))° is closed.

If T: B — B, we get (B/im(T))* = (im(T))° = ker(T). So dim(coker(T)) =
dim(ker(7™)). The other identities can be derived similarly. O

42



18 The Riesz-Fredholm Theorem

18.1 Conclusion of the proof of the Riesz-Fredholm theorem

Last time, we showed that if T' € L(Bj, B2) with im(T") closed, then im(7™) = (ker(T))° is
closed, and (By/im(T"))* = ker(T™). In particular, dim(coker(T")) = dim(ker(7™)). Apply
this when T'= I +T", where T" : B — B is compact.

Proposition 18.1. Let T : By — By be compact. Then T : B5 — By is compact.

Proof. Let &, € Bj be bounded, |€,]| <1 forn =1,2,.... Set K = T{]|z]| <1} C Bs
compact. Consider the sequence of continuous functions ¢, (z) = (z,&,) for v € K. We
have:

L. |en(x)] < ||z||||én]] < C forallmn=1,2,... and z € K

2. |on(z) —on()| = [{z =y, &n)o | < llz —yll1 for z,y € K.

By Ascoli’s theorem, there exists a uniformly convergent subsequence (¢, ). In particular,
SUp|4(|<1 |on, (Tz) — @, (Tx)] = 0 as k, £ — co. So

sup | <Tl',£nk>2 - <T':U7£ng> | = Ssup | <1§,T*£nk>2 - <$7T*£n[> | = ||T*£nk - T*ETLZHBT — 0
zll<1 [l[|<1

as k,¢ — oco. So (T*¢,, ) converges, which makes 7™ compact. O
This completes our proof of the Riesz-Fredholm theorem.

Theorem 18.1 (Riesz-Fredholm). Let B be a Banach space, and let T' € Lo (B, B). Then
I —T is Fredholm, and ind(I —T) = 0.

Proof. Let K : B — B be compact. Then dim(ker(I + K)) < oo, im(/ + K) is closed,
dim(coker(I + K)) = dim(ker({ + K*)) < co. Thus, I + K is Fredholm and ind(I + K) =
ind(I + AK) =ind(I) = 0. O

18.2 Atkinson’s theorem and stronger Riesz-Fredholm

We can actually upgrade the statement of the Riesz-Fredholm theorem to get a stronger
theorem.

Proposition 18.2 (Atkinson’s theorem). An operator T' € L(B1, Bs) is Fredholm if and
only if there exists S € L(Ba, B1) such that TS —I and ST — I are compact in By and By,
respectively.
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Proof. Sufficiency: Let S € L(Bg,B1) be such that ST = I + K and T'S = I + Kp,
where K7, Ko are compact. Then ker(7) C ker(I + K7), so |dim(ker(T")) < oco. Similarly,
im(7) O im(I + K32), so dim(coker(7")) < dim(coker(I 4+ K3)) < oo. So T is Fredholm.

Necessity: Take the Grushin approach: if 7' is Fredholm, write ny = dim(ker(7)),
and n_ = dim(coker(7")). Then there exist an injective R_ : C"~ — By with By =
im(7) @ R_(C") and a surjective Ry : By — C"+ such that R|xe(7) is bijective. Then
the operator P : By @ C"~ — By & C"+ given by

T R_]
P {R+ 0]
is invertible. It has the inverse .
s E By
- |E- E_4|°
We get that
PE — T R ||EFE F.| |TE+R_E_ x
|Ry O ||E. E_| * x|’
573 _ E E_;,_ T R_ _ ET + E+R+ *
E_ FE_ ||Ry O * x|’
soTE—1=—-RoEFand FT —I =—E{R,. The maps R_E_ and F; R, have finite rank,
so they are compact. O

Remark 18.1. If ET — I and TE — I are compact, then E € L(Bsg, By) is Fredholm,
and ind(ET) = ind(/ + K) = 0. By the logarithmic law, this equals inf(E) 4 ind(7T"). So
ind(E) = —ind(T).

Theorem 18.2. Let T € L(By,B2) be Fredholm and S € Lo(By,Bz). Then T + S is
Fredholm, and ind(T + S) = ind(T).

Proof. Let E € L(B2, By) be such that TE —I and ET — I are compact. Then (T'+S)E—1
and E(T 4+ S) — I are compact. So T+ S is Fredholm. Also, ind(7'+ S) = ind(T + AS) for
A € C. Letting A — 0, we get ind(7" + S) = ind(T). O

18.3 Applications to differential equations

Proposition 18.3. Let a,b € C([0,1]), and consider the boundary value problem u” + au+
bu = f with boundary conditions uw(0) = u(1) = 0. Here, f € C([0,1]), and u € C%([0,1]).
The boundary value problem has a unique solution for any f € C([0,1]) if and only if the
homogeneous problem when f =0 only has the trivial solution.
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Proof. Let By = {u € C?([0,1]) : u(0) = u(1) = 0} be a Banach space. Let By = C([0,1])
with

2
lullz, = [[ul?] e
=0

Then T : B —1 — Bs sending u — u” is bijective, so ind(T") = 0. The map S : By — By
sending u + au’ + bu is compact, so T + S is Fredholm with ind(7'4+ S) =0. So T+ S is
bijective if and only if T'+ S is injective. O

Our next application will be the Toeplitz index theorem. Here is the idea. Let H be the
closed subspace of L?(R/277Z) with Fourier coefficients @(n) = 0 forn < 0. Let IT: L2 — H
be an orthogonal projection. Let f € C(C/2nZ) — Top(f), which sends w + II(fu). This
is called the Toeplitz operator.

Theorem 18.3. Top(f) is Fredholm if and only if f # 0. Moreover, ind(Top(f)) =
—winding number of f.
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19 The Toeplitz Index Theorem

19.1 Hardy space

Let H = {u € L2((0 27r)) :d(n) = 0Vn < 0} C L2((0,27)), where the Fourier coefficients
are (n) = (1/2m) f e=m0dp. If u € H, then u(f) ~ 3%, (n)e™ can be viewed as
the boundary values of the holomorphic function Y > @(n)z" with |z| < 1. The space H
is called the Hardy space.

Let IT : L2((0,2m)) — H be the orthogonal projection sending u ~ > o0 o ii(n)e™?
S ya(n)e™. Given f € L>((0,27)), associated to f is the Toeplitz operator Top(f) :
H — H sending u — II(fu). We have || Top(f)|zcm,m) < |1fllze~-

19.2 The Toeplitz index theorem

Theorem 19.1 (Toeplitz index theorem). Let f be continuous 2w-periodic, and assume
that f has no zeros. Then Top(f) is Fredholm, and ind(Top(f)) = —winding number(f).

To define the winding number, write f(6) = r(6)e**® with 7 > 0 and 0 < § < 27. The
winding number of f is (¢(27) — (0))/27. If f € C!, then the winding number of f is

1 27 f/(g)
oni Jo F(6) ™

Proof. To establish the Fredholm property, we try to invert Top(f) modulo a compact
error. Here is a claim: Let f, g be continuous 27-periodic. Then Top Top(g) = Top(fg) +
compact operator.

Write Top(f) = IIMy and IIM,, where My, M, are multiplication operators by f and
g. Then Top(f) Top(g) = IIMIIM, = II(ITM + [MI1]) M, where [My, 1] = M I1—TIM;
is the commutator. So we get

(LM + [M 1)) M, = TIM § My, + TI[M, TI|M,, = Top(fg) + I[My, TT] M,.

It suffices to show that [My,II] : L? — L? is compact. We split into cases.
If £(0) =™ with n € Z, n # 0, then if n > 0,

k>0

0
My, ]e™® = (M1 — TIM)e'*? = .
(M, I]e™ = (Mg rle Ity g <o,

Now observe that —II(e!**™)%) = 0 if k < —n, so the operator is of finite rank and is
therefore compact. The computation is similar for n < 0.

If f is a trigonometric polynomial f(8) = 3V ~ @ne™ | then [My, 1] is also of inite rank
and is hence compact. If f is an arbitrary continuous, 2mw-periodic function, let f, be a
sequence of trigonometric polynomials such that f,, — f uniformly. Then

I[M g, ] = [My, T][| = [[Mf, — My, |
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< || My, O[] + [[TIMy,, £ ||
<2||fn—fll = 0.

Thus, [My,II] is compact.

So the claim holds. Now if f # 0, write Top(f) Top(1/f) = I 4+ compact, and same
for Top(1/f) Top(f). So we get that Top(f) is Fredholm. Notice also that if f,g are
continuous and nonvanishing, then ind(Top(fg)) = ind(Top(f) + Top(g) + compact) =
ind(Top(f)) + ind(Top(g)).

Now write f(0) = r(0)e*??). Then we get ind(Top(f)) = Top(r) + Top(e¥). Take
t(0) = (1 —t)r(0) = (1 —t)r(d) +t > 0 with 0 < ¢t < 1. To compute ind(Top(e’¥)), write
N for the winding number of f, and let g,(8) = e!1=D¥O+NW  Then g, is periodic in 0
and continuous in t. So ind(Top(e*¥)) = ind(Top(e*V?)) = —N. O
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20 Analytic Fredholm Theory

20.1 Analytic Fredholm theory

Theorem 20.1 (analytic Fredholm theory). Let Q@ C C be open and connected, and let
T(z) € L(B1, Ba) for z € Q be a family for Fredholm operators depending holomorphically
on z; that is T : z + T(z) is holomorphic with respect to the operator norm on L(B1, Bg).
Assume that there exists zo € 0 such that T(z9) : B1 — Ba is invertible. Then there
exists a set ¥ C Q having no limit point in Q0 such that for all z € Q\ 3, the operator
T(z): By — By is is bijective.

Proof. Notice that z — ind(7'(z)) is constant, so ind(7'(z)) = ind(7(z0)) = 0 for all
z € Q. Let 21 € Q, and write ng(z1) = dim(ker(7'(z1))) = dim(coker(7T'(z1))). Consider the
Grushin operator for T'(z;):

T(Zl) R_ (21)

P = [R+(21) 0

} : By ® C") — By @ Col=),

which is invertible. There exists a connected open neighborhood N(z1) C Q of z; such that
for z € N(z1), the operator

Py = [T o]

is bijective and depends holomorphically on z € N(z1).

Let
E1(z) = (P(2))" = [5_ ((2,3) £++((ZZ))]

be the inverse of P*'(z), depending holomorphically on z € N(z1). We claim that for
z € N(z1, we have T(z) : B; — By is bijective if and only if E_, (z) : C"(1) — Cno(21) ig

bijective.
T RIJ[E E,] [I 0
Py il o]

so we get TE + R_E_ =1 and TE, + E_E_,. If E_| exists, then TE{E"} = R_, so
T(E - E{E-}E_) = I. Thus, T is surjective, so because 7' is Fredholm of index 0, T is
bijective, and 77! = E — E+E:J1FE,. The converse is checked similarly.

E_ is a holomorphic function with values in ng(z1) X no(z1) matrices. So it is bijective
iff det(E_1) # 0. We have that either det(F_;(z)) = 0 on N(z1) or det(F_4) # 0 in a
deleted neighborhood of z;. Let Q1 = {z € Q : T'(2') is invertible V2’ # z near z}, and let
Qo ={z € Q:T(2) is not invertible Vz’ # z near z}. Then Q = Q; UQy, where 1, Q9 are
open. 1 # &, so Qo = &, and thus the set ¥ = {z € Q : T'(z) is not invertible} is a closed
set with only isolated points. O
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20.2 Behavior of inverses near singularities

Remark 20.1. We have z + T(z)~! is holomorphic on Q\ 3. Consider the behavior of
T(2)~! near w € X. Write T(2) ™! = E(z) — E4(2)EZL(2)E_(2). Then E_;(z)"! has a
pole at z = w (because we are dividing by the determinant, which may has zeros of at
most finite multiplicity), so

_ Ry R_4
T "N 4 .,
E-+(x)7 = (z —w)No L

+ Hol(z).

Here, rank(R;) < ng. It follows that z — T'(z)~! has a poleof order Ny at z = w:

714_1\70 ce A_l
(z —w)No (z —w)

T(2)"'(2) = +Q(2),

where QQ(z) is holomorphic in a neighborhood of w and takes values in £(Bsg, B1). The
operators A_n,,...,A_1 € L(Ba,B1) can be expressed in terms of R_p,,...,R_1 and

Eg)(u}) and are of finite rank.

Definition 20.1. The spectrum of T : By — By is
Spec(T) = {z € C: T — zI is not invertible}.

Analytic Fredholm theory shows that if 7" is Fredholm, then Spec(T") consists of isolated
points.
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21 Spectral Theory for Compact Operators

21.1 Applications of analytic Fredholm theory

Last time, we proved analytic Fredholm theory, which said that if 7'(z) is a family of
operators in £(Bjy, Bz) that is holomorphic in z (in some domain Q C C) and if 77 1(2)
exists for some zp € Q, then ¥ = {z € Q: T'(z) is not invertible} is a discrete subset of Q.

Example 21.1. Let M be a compact C*° Riemannian manifold (e.g. torus, sphere,etc.).
Let V € L>(M,C), and consider the Schrédinger operator P = —A +V : H*(M) —
L3(M). where H*(M) = {u € L*(M) : 0°u € M?(M), |a| < 2} is a Sobolev space. What
is Spec(P)? We need 2 basic facts (that we will accept without proof).

Proposition 21.1. The inclusion map H*(M) — L*(M) is compact.
Proposition 21.2. For allz € C\ R, —A — zI : H?> — L? is bijective and

1
-1
I=A =2 e < oy

This second fact follows form the fact that —A is self adjoint. Now observe that

P—z=(-A+il)+B—zI—il,
R ) ————

bijective compact

so P — z is Fredholm of index 0 and is holomorphic in z. We claim that there exists some
29 = it such that P — zoI : H> — L? is bijective. Write

P2l = -A+V =2 = (I +V(=A — 2) ") (—A — ).
To show that (I + V(—A — z9)~!) is invertible, we can make |V (—A — z9)71)|| < 1. So

_ VLo

Vo iy < Wlim
V(A=) <

so we can take zy with large enough imaginary part to make this small. By the analytic
Fredholm theory, we get Spec(P) C C is discrete and Spec(P) C {z : |Im(z)| < C}.
Moreover, the spectrum consists entirely of eigenvalues.

Example 21.2. When operators are not Fredholm, the spectrum may not have eigenvalues.
Let T : L*(R) — L%(R) be u(z) + sin(x)u(x). Then T € L(P?% L?), and Spec(T) =
[—1,1], while T has no eigenvalues. If Tu = Au, for A inC, then u = 0 a.e. Take \ €
[—1,1], and show that an estimate of the form |jul/;2 < C|(T — A )ul|z2 cannot hold:
m({z : |sin(z) — A\| < e}) > 0 for all € > 0. Letting u = ]IEA’E/m(E,\,E)l/Z, sending ¢ — 0

E)\,E
gives us the conclusion.
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21.2 Spectral theory for compact operators

Theorem 21.1 (spectral theory for compact operators). Let B be an infinite dimensional
Banach space, and let T : B — B be compact.

1. 0 € Spec(T).
2. If 0 # X € Spec(T'), then ker(T' — A\I) # 0.
3. One of the following occurs:

(a) Spec(T) = {0}.

(b) Spec(T') \ {0} is a finite set.
(c) Spec(T') \ {0} is a countable set = {\1, Aa,...}, and A\, — 0.

Proof. These statements are consequences of the results we have already proven.

1. This follows from Riesz’s theorem.

2. If A # 0j then T'— A\ = (=\)({ — (1/M\)T) is Fredholm of index 0. If A\ € Spec(T),
then ker(7"— AI) # {0}.

3. Apply the analytic Fredholm theory to F(\) = (=A)(I — (1/A)T"). F(\) is invertible
for large X. So Spec(T) \ {0} consists of at most countably many isolated points. [

Example 21.3. Let B = L*(0,1), and let T f(x) = [ f(y) dy be the Volterra operator.
T is compact. We claim that Spec(7') = {0}. If A € Spec(T’) \ {0}, then there exists some
f € L? such that [ f(y)dy = Af(z). This implies f(z) = Af’(z) with f(0) = 0. So f = 0.

Let A € Spec(T")\ {0}, and consider the resolvent of 7" in a neighborhood of A\. We have
the Laurent expansion (T'— (A +2)1)~! = deN Ajz for 0 < |z| small, 1 < N < oo, and
Aj € L(B,B), where A_p, ..., A_ are of finite rank. In complex analysis, the coeflicient

of 27! is the residue at A. What is the significance here?

Proposition 21.3. Let Ny = |J;2, ker(T — AI)* be the generalized eigenspace of T asso-
ciated to \. Then —A_1 is a projection onto Ny. So N is finite dimensional.

We will prove this next time.
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22 Riesz Projection and Spectra of Self-Adjoint Operators

22.1 Riesz projection

Let T : B — B be compact and A € Spec(T) \ {0}. Then (T — (A +2)I)~! = deN A2l
for some 1 < N < oo.

Proposition 22.1 (Riesz). The operator —A_y is a projection onto the finite dimensional
generalized eigenpace Ny = |5, ker(T — A )¥.

Proof. Multiply the Laurent expansion by z=7~! for —N < —1 < —1, and integrate over
0D(0,r) with 0 < r < 1. We get

1
A= — Atz P dz,
1= 307 fopen T OFAD
So we get
1
M=-A_1=— (N+2)I —T) " dz.
21 Jop(o,r)

We now claim that II is a projection. Let 0 < r; < ro < 1, and write
= M) =T) Y (A+2)-T dz— duw
/BD(O,TQ) \/;D(Oﬂj)(( ) ) (( ) ) 27['7/ 27

B /BD(O,TQ) /8D(0,r1) w—==z
_/ / !
aD(0,r2) JOD(0,ry) W

Apply Cauchy’s integral formula to both terms. The second term equals 0.

(AN+2)—-T)71 dz— dw

271'1 27

(4w —T) ' de s dw

2mi 2w

=1L
Now in the Laurent expansion, multiply by 7" — (A 4 z)I on the left to get
I=(T—-XM)A_yzN + j{: (T — ADA; — Aj_1)2
—N+1

which gives
(T—M)A_N=A_NT—-X)=0

0 j#0,j>N+1

T—-MNHA;, — A1 =
( )J Jj—1 {1 j=0.
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So [T, A;j] =0 for all j, and
AN=(T-M)A_ny1 =T —-N)2?A_Nyg=---=(T-XDN"TA_,.

We get that (T — A)NA_1 =0. Also, [ + A_y = (T — M) Ay, so applying (T'— X" gives
us
(T — XN = Ao(T — AN+

Thus, if (T — M)V 2 =0, then (T — AI)Vz = 0. It follows that Ny = ker(T — AI)", so
dim(ker(T))) < oo because T'— AI is Fredholm of index 0.

It remains to show that im(A_;) = Ny = ker((T' — AI)™). If x € Ny, then z + A_jz =
(T — M)Az = (T\I)?A1z = - = (T — M)V Ay_12 =0. So im(A_;) = N,. O

We can write B = Ny @ ker(II). This is a T-invariant decomposition. Moreover,

(T — )|, is nilpotent, and (T' — A )yer(rry is bijective.

22.2 Spectra of self-adjoint operators
Assume now that B = H is a complex Hilbert space.
Definition 22.1. An operator is self-adjoint if (T'z,y) = (z,Ty) for all z,y € H.

Example 22.1. Let H = L?((0,1)), and let Tu(z) = fol K(z,y)u(y) dy, where K €
C(]0,1] x [0,1]) is such that K(z,y) = K(y, ).

Proposition 22.2. Let T € L(H, H) be self-adjoint. Then Spec(T) C R, and the resolvent
R(z) = (T —zI)~' € L(H, H) satisfies |R(2)|lzep,my) < 1/|Im(z)| for z € C\R.

Proof. Let z =i+ iy with y # 0, and compute
T = zD)u||® = (T — z)u — iyu, (T — x1)u — iyu)

(T = @)ul® + i (T = )u, yu) — i {yu, (T — z)u) +y?||u]?.
=0

We get
1T = 2)ull® = (T = @)ull® + ?lluf* > ||,

so |[(T—z1)ul| > | Im(2)|||u||, so T'— 21 is injective and im(7'—zI) is closed. So H = im(7T'—
2) @im(T — 2)*, where im(T — 2)* = {2 : (T — 2)y,v) =0Vy € H} = ker(T — zI) = {0}.
So we get that T'— zI : H — H is bijective, and |[(T — 2) Y| z(p,pry < 1/|Im(2)]. O

Remark 22.1. Let T' € £L(H, H). Then T is uniquely determined by the function x —
(Tx,z). If (Tx,x) =0 for all z, then we polarize:

(T(y+2),y+2) =0, (T(y +iz),y+iz) =0,

93



for all y,z € H, so
(Ty,z) + (Tz,y) =0, (Ty,z) = (T'z,y) =0,

which give us (T'y,z) = 0. So T = 0. So T is self adjoint if and only if (T'z,x) € R for all
r € H.

Now let T be compact and self adjoint. Let A € Spec(T) \ {0}. Then z + (T — 2I)~!
has a pole at z = A, and the pole is simple. We get

ITA
T2t =
( D) A

—Z

+ Hol(z)

for 0 < |z — A] < 1. TI\ is projection onto ker(T' — AI), and II, is self-adjoint. Indeed,
Iy = lim, ,\(A — 2)(T — 2zI)~!, and if 2z approaches A along the real axis, then this is
self-adjoint.

Next time, we will show that

T,

Tz =
(T - 21) e
Aj€Spec(T)\{0}

for Im(z) # 0.
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23 The Spectral Theorem for Compact, Self~-Adjoint Oper-
ators
23.1 Orthogonal projections and the resolvent

Let H be a Hilbert space, and let T : H — H be compact and self-adjoint. Then Spec(T") C
R. If A € Spec(T) \ {0}, then R(z) = (T — 2I)~" = 42 4+ Hol(2) for 0 < |z — \| < £ < 1,
where IT) is an orthogonal projection with im(ITy) = ker(7 — AI).

Let A1, A9 be distinct nonzero eigenvalues of T', and notice that

I, I, =0

if j # k. This follows from the fact that ker(—\;I) L ker(T — AiI). It follows that the
series » j>1 ;@ converges in H for all z. Indeed,

N
DMy < e
j=1

for each N by Bessel’s inequality, so the same bound holds for the infinite sequence. Then

N M 2 N 2 N N

M —00
D Mye =Y Myall =| > Tyz| = > [Myzl =—=0
=1 =1 j=M+1 j=M+1

If we let Ilz = 3, II) @, then Il € L(H, H) is an orthogonal projection.
Proposition 23.1. For allx € H and z € C\ R,

H)\j.%
)\j — Z'

R(z)x = (T — 2I)7!
j=1

The series in the right hand side converges with || 3222, pyes 2% —[| < |lz||/| Tm(z)].

Proof. Consider
(M, z,y)
f(z) = (R(2)z,y) Z o

for all z,y € H and z € C\R. Then f is holomorphlc on C\{0}, ||f(2)| <2||z[/|y|l/] Im(z),
and |f(2)] < O(1/|2]?) as |z| — oo. Indeed,

R(z)= (T —=I)~ = ((-2)I - T/2))"" = —%H O(1/l2?)
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Iy, 1 2
=—- Iy, +1(1
Y5 o Iy A/,

J=1

=1

and we get the decay of f. We can write the Laurent expaansion at z = 0,

" 1 f(2)
flz) = Z a;z’, 2mi /Z|=R Zi+1 dz

j=—o0

for 0 < |z| < 0.
We claim that a; = 0 for all j. If j +1 > 0, let R > 1. Then |a;| < O(1/R*)R — 0.
So f(z) = Zj;z_oo ajzl. If j+1 <0, then let k = —j — 1 > 0. Then, assuming that

[ f(z)zF2dz = 0.

2)Fdz = 2)2"72(22 — R¥) dz
/|2Rf()d JERCEERy oS

|z|=R
SO
k RF2 2
f(2)2"dz|| < 2||z||||y] |2° — R*||dz|
/Z|R z]=r | Im(2)
R p, HxHHy!Rk—sz/ lw \ dw|
R lwj=1 | Im(w)]
jw? — 1]
— 2|yl | du).
wj=1 | Im(w)]
<00
Letting R — 0, we get a; = 0 for all j. 0

Remark 23.1. Observe that
2 G 1 2
|R(z)z|” = ZmHHAjl‘H :
Jj=0

We also get that
1

dist(z, Spec(T))"

This estimate remains valid for all self-adjoint 7' € £(H, H), but we will not prove that in
this course.

(T = 2D) "Ml ggamn) =
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23.2 The missing projection

Write Ao = 0 and I, = I —II. Then II,, is an orthogonal projection.
Proposition 23.2. II,, is the orthogonal projection onto ker(T').

Proof. Write

z= (T —2I)R(2)x = i (T — 2Dz (T = =)z

T,z
- z
Jj=1

oo
N2 — :;HAjm—i—Hon—

=T

So Ty, = 0, and im(II,, C ker(T"). IF z € ker(T'), then

o
I,z Il
)= R =S T et
x/z (z)x Ly .
7j=1
=0
So z = II,z, making x € im(II,,).

We can write = > 22 Iy, for all @, which is equivalent to H = ;- H;, where
Hj = H)\jH = ker(T - AJI)

Theorem 23.1 (spectral theorem for compact, self-adjoint operators). Let T' € L(H, H)
be compact and self-adjoint. Then H has an orthonormal basis consisting of eigenvectors

of T.

Proof. Choose an orthonormal basis in Hj, j > 0.
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24 Duality and Weak Topologies

24.1 The weak topology

Definition 24.1. Let F' and G be two vector spaces over K = R or C, and suppose
(-, : FFx G — K sending (z,y) — (z,y) is a bilinear form. The form is said to define a
duality between F' and G if

1. If (z,y) =0 for all y € G, then z = 0.
2. If (x,y) =0 for all z € F, then y = 0.

Example 24.1. Let F' be a Banach space B, and let G = B*. Then F and G are in
duality by Hahn-Banach.

Definition 24.2. The locally convex topology in F' defined by the seminorms z + | (z,y) |
for y € G is called the weak topology in F' and is denoted by o(F,G).

We also have a weak topology o(G, F) in G. What are open sets in o(F,G)? A set
O C F is open in o(F,G) iff for all zp € O, there exists € > 0 and y1,...,yny € G such
that {x € F': | (x — z9,yj) <eV1I<j< N} CO.

o(F,G) and o(G, F') are Hausdorff topologies.

24.2 Continuity and convergence in the weak topology

Lemma 24.1. A linear form L : F — K is continuous for o(F,G) if and only if there
exists a unique y € G such that L(z) = (z,y) for all x € F.

Proof. ( <= ): This follows immediately from the definition of the topology.
( = ): L is continuous for o(F, Q) iff there exist yi,...,yn and C > 0 such that
|L(z)| < CZ;VZI | (z,y;) | forx € F. We get that (z,y1) =--- = (z,yny) =0 = L(z) =0

so that L(z) = Zévzl aj(w,y;) = <$, Zjvzl O‘jyj>'6 =

Definition 24.3. Let (z,,) be a seugence in F, and let x € F. We say that z,, — = in
o(F,G) (or converges weakly) if for all y € G, (zy,y) — (z,y).

Proposition 24.1. Let F = B be a Banach space, and let x, — = in o(B,B*). Then
() is bounded: ||z,|| < C forn=1,2,... and ||z| < liminf,_c ||zn].

Proof. For all £ € B*, (x,,§) is bounded, so by Banach Steinhaus, there exists some C' > 0
such that | (x,,&) | < C||&]| for n =1,2,.... So ||z,| < C.

Since | (zn, &) | < [[€l[[znll, [ (2,€) [ < [§]Timinfn o0 [lzn]l. So (]| < Timinfy, oo [lznl.

O

5The proof that L is a linear combination of these forms follows from a problem on Homework 1.
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Example 24.2. Let & € R" be such that |£;| — oo. Then, for p € L2, () := e %ip(z)
satisfies ||¢;ll2 = |l¢ll, and ¢; — 0 in o(L?, L?). Indeed, for f € L2,

(o f) = / e () f () dr 27 0
cll

by Riemann-Lebesgue.

24.3 Closed and convex sets in the weak topology

Proposition 24.2. Let B be a Banach space, and let C C B be conver and nonempty.
Then C' is closed in o(B, B*) if and only if C is closed in the usual (strong) sense.

Proof. (= ): If C is closed in o(B, B*), then C° is open in (B, B*), so C° is open in
the strong sense. So C' is closed in the strong sense.

( < ): Let C C B be convex and strongly closed. We claim that C° is open in
o(B,B*). Le xg ¢ C. By he geometric Hahn-Banach theorem, there exists a continuous
linear form f on B such that inf,cc(Re(f(x)) — Re(f(x0)) > 0. Thus, there exists an
a € R such that Re(f(7g)) < a < Re(f(z)) for z € X. The set N = f~1({z: Re(2) < a})
is open in o(B, B*) (as f is continuous on (B, B*)), o € N, and N NC = @. It follows
that C° is weakly open. So C' is weakly closed. O

Here is a fact to help with intuition for what the weak topology is like.
Proposition 24.3. Let B be an infinite dimensional Banach space, and let S = {x € B :
llz|| = 1} be the unit sphere. The closure of S in o(B,B*) is {x € B : ||z|]| < 1}.

Proof. The closed ball {x : ||z|| < 1} is convex, so it is weakly closed, and 5o(BEY) CH{z:

lz|| < 1}. On the other hand, let ||zo| < 1. We check that any neighborhood U of z
in (B, B*) meets S. We can assume that U = {z : |(x — 20,§;) | < € V} with § € B*.
Notice that ﬂ;vzl ker(§;) # {0}. Let yo # 0 € ;2 ker(§;). Then zo + Ayo € U for all
A, so the function g(\) = ||zg + Ayo|| for A > 0 is continuous and goes to co at co. Since
9(0) < 1, we get a A such that xo + A\yp € SNU. O

24.4 The weak* topology

Definition 24.4. Let B be a Banach space. The weak topology o(B*, B) is called the
weak* topology.

Remark 24.1. The weak * topology on B* is weaker than the weak topology o(B*, B**).
Next time, we will prove the following theorem.

Theorem 24.1 (Banach-Alaoglu). The closed unit ball U = {£ € B* : ||£]
compact in o(B*, B).

pr < 1} is
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25 The Weak* Topology and the Banach-Alaoglu Theorem

25.1 Completeness of the weak* topology

Proposition 25.1. Let &, € B* be such that £, —&,, — 0 in o(B*, B) asn,m — co. Then
there exists & € B* such that &, — £ in o(B*, B).

Proof. We have (x,&y,) — (x,&mn) — 0 for each z € B, so the limit lim,_, (x,&,) exists
pointwise, and we can let (z, &) = lim,,_, for x € B. Then £ € B* by the Banach-Steinhaus
theorem. O

25.2 Tychonov’s theorem and the Banach-Alaoglu theorem

Theorem 25.1 (Banach-Alaoglu). Let B be a Banach space. Then the closed unit ball
U={{£e B*: ||| <1} is compact in o(B*, B).

The main point in the proof is Tychonov’s theorem from point set topology. Let’s
review this.

Let (Xq)aes be a collection of topological spaces. Then the product space X =
[locs Xa = {f : J = UsesXa | f(a) € XoVa € J}. is equipped with the product
topology, the weakest topology such that the projection maps p, : X — X, sending
x > xo (Where = {4 }acs) are continuous for all a. A base for the product topology is
given by the finite intersection g, ii. P (Oa), where O, C X, is open.

Theorem 25.2 (Tychonov). If X, is compact for all oo € J, then the space X =[], c; Xa
is compact in the product topology.

We will not prove this, but we will use this in our proof of the Banach-Alaoglu theorem.

Proof. When =z € B, let D, = {z € K : |z| < ||z||}. f & e U ={{ € B*:|£] <1},
then (2,£) € D, for all 2. Consider the injective map v : U — D = [[,.p D, sending
& — {(z,€) }ren. Equip U with the weak* topology and D with the product topology.

We claim that ~ is continuous. Let O be an open set in D. We can assume that
O ={f = (fo)eeB : |fz; — cxj| < €z;,€4; > 0,¢s; € Dy;,1 < j < N} Then the inverse
image v 1(0) ={¢ € U : |(2;,§) — ¢a;| < €x;,1 < j < N} is open in o(B*, B). Similarly,
4~ :im(y) = U is continuous. So 7 : U — im(y) is a homeomorphism.

It suffices to check that im(vy) C D is compact in the product topology. By Tychonov’s

theorem, D is compact, so we only need that im(y) is closed. We have that

im(y) = {f = (fo)oes € D : fory = fo + fyr Prw = Mo Va,y € B,YA € C}
= m {f: fory=Tat [y} ﬂ{fif,\I:)\fx}.

z,yeB AeC
z€EB
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We now claim that E, ) := {f = (fy)yer : foo = Afz} is closed in D. Let fy € E, .
An open neighborhood of fy is a set of the form V, . := {f € D : |fy — fo| < €}. Let
fE€E AN Vage N Vie; Vage NV is an open neighborhood of fy. Then

’fO,)\m - )‘fO,x| = ‘fO,)\z - f)\x + )\fx - )\fO,x‘
< ‘fO,)\m - f)\m‘ + ’)\Hfm - fO,a:
<e+|Ne,

so fo € E; . The result follows. O

Now that we have proved the theorem in full generality, it is worth noting that for
separable Banach spaces, there is an elementary proof.

Proposition 25.2. Let B be a separable Banach space, and let x1,x2,... be a dense subset.
Then the seminorms & — | (xy, &) | for j =1,2,... define the same ropology as o(B*, B).

Proof. O

Corollary 25.1. Let B be a separable Banach space. Then U = {£{ € B* : ||£]| < 1} is a
compact metrizable space in the weak* topology o(B*, B).

Proof. If [|&,]| < 1 for n = 1,2,..., then there exists a subsequence (§,,) converging in
o(B*, B). O
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26 Applications of Banach-Alaoglu

26.1 Banach-Alaoglu for separable Banach spaces

Last time, we stated the following proposition.

Proposition 26.1. If G is separable with the dense subset {x1,x2,...}, then the semi-
norms & — | (z;,&) | for§ e U ={& : ||z|| <1} and j = 1,2,... define the same topology
as o(B*,B) on U.

Proof. Tt sufficies to check that if O C U is open for o(B*, B), then O is open for the
topology determined by these seminorms. Let £, € U and N be an open neighborhood of
& in o(B*,B). We can assume that N = {{ € U : |(y;,{ — &) | <eV1 <j < M}y We
claim that N contained a neighborhood of &y in the topology defined by the seminorms.
For each j € {1,..., M}, pick k; such that |ly; — x| < e/4. If [{xy,, &€ — &) | < g/2 for
1 <5< M, then

| (y;,& — &) | < | (y; —xkj,§—§0>’+|<$kj7§—§o>l<€

<lly;—as, e —€oll</2 </2

forall ¢ € Nand1<j <M. Then N 2D { €U : |(m,,§ —&)| <e/2,1<j <M}, and
the result follows. O

Corollary 26.1. If B is separable, then U = {£ € B* : ||£]| < 1} is a complete metrizable
space for o(B*,B).

Example 26.1. Let f,, € LP(R?%) for 1 < p < oo be bounded: | f,|l» < C. Then there
exists a subsequence f,, and f’ € LP such that

/fnkgdx%/fgd:r
for g € LY with 1/p+1/q = 1.

When p = 1, L}(R?) € M(R?), the space of bounded measures on Re. If || f,]| .1 < C,
then there exists a subsequence f,,, and a u € M(R?) such that

/fnkgdx% /gdu

for all g € Co(R?), the space of functions which vanish at ooc.
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26.2 Applications of Banach-Alaoglu to minimizing functionals

Definition 26.1. A Banach space B is reflexive if the natural linear isometry J : B — B**
sending x — (£ — (x,§)) is a bijection.

Proposition 26.2 (Minimization of functionals”). Let B be a reflexive Banach space with
B* separable, and let J : B — R be a function such that

1. J is convex: J(Au+ (1 —N)v) < AJ(u)+ (1 —=N)J(v) fir0 <A <1 and u,v € B.

2. J is norm lower semicontinuous: For all x € R, the set {u € B : J(u) > a} is open
iff if un — wg in B, then J(up) < liminf, o J(up).

3. J is coercive: There exists C > 1 such that J(u) > ||ul|2/C — C for all u, for some
q=>1.

In particular, p = infyep J(u) > —oo. Then there exists some uy € B such that J(ugp) = p.

Proof. Let u, € B be such that J(u,) — p. Property 3 implies that (u,) is bounded:
|lun|| < C. By Banach-Alaoglu, there exists a subsequence (uy,) and ugp € B such that
Up, — ug in o(B, B*). Now J is convex norm lower semicontinuous, so {u € B : J(u) < a}
is closed and convex. By convexity, it is weakly closed, so J is lower semicontinuous with
respect to (B, B*). If u,, — up in o(B, B*), then H(up) < liminf J(u,,) = p, and we
get the claim. O

Here is a concrete application.

Example 26.2. Let  C R™ be open and bounded and let H*(Q) = {u € L*(Q) : 9,,u €
L*(Q) V1 < j < n} be a Hilbert space with the inner product (u,v)y1 = (u,v);2 +
(Vu,Vv) 2. Define HL () to be the closure of C§°(Q2) in H'(2). This is not all of H;
roughly, u € H}(Q) iff u € HY(Q) and “ulpg = 0.”

Apply the abstract discussion when B = H{ () and J(u) = (1/2) [, |[Vu|? dz— [, fudx
where f € L%(Q).® We claim that there exists some ug € Hy which is a minimizer of .J.
Observe that:

1. J is convex.
2. J is continuous.

3. . is coercive: J(u) > [Vul2 — | fllgellull 2 > [Vul2. —llull 2 — (1/)]| 2. Since
lulllr2 < C||Vu| 12 for u € C§°, we get J(u) > (1/C)|ul/% — C.

"This application comes from calculus of variations.
8This is sometimes called the Dirichlet functional.
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So we have a minimizer J(ug) < J(ug + €v) for all . Then

d
i . J(up +ev) =0,

where —Aug = f and ug € Hy(Q2).
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27 Reflexive Spaces and Kakutani’s theorem

27.1 Helly’s lemma

Let B be a Banach space. Recall that B is called reflexive if the natural map J : B — B**
given by x — (£ — (x,€)) is a bijection. We want to characterize reflexive spaces. First
we need a lemma.

Lemma 27.1 (Helly). Let B be a Banach space, and let &y, ... &n € B* and ay, ..., o € K
(=R or C). The following conditions are equivalent:

1. For each € > 0, there exists x. € B such that ||zc|| < 1 and | (zc,&;) — o] < € for
1<j<n.
2. For all Br,...,Bn € K, | X701 Biogl < || X201 Bi&ll-
Proof. (1) == (2): Let B1,...,B, € K be given, and let S = >1_, |8;]. For ¢ > 0, we
have
n n n n
D B (we &) = Y Biay| <eS = Y Biey| < Y Bi&s|| [lwe]| +€5.
: — — — —~—
J—1 7j=1 7j=1 7j=1 <1

Letting e — 0 gives us | Y27, Bja | <[ 377, Bi&-

(2) = (1) Consider the linear, continuous map F' : B — K" sending = —
((x,&1), ..., (x,&)). Then condition 1 holds if and only if (a1,...,a,) € F{z € B : |jz|| <
1}). Assume that (ai,...,a,) ¢ F({z € B: ||| < 1}) (which is closed and convex in K™).
By the geometric Hahn-Banach theorem, there exists a continuous, linear form f on K"
and v € R such that Re(f(y)) < v < Re(f(a1,...,ap)) forall y € F({x € B : ||z|| < 1}).

Writing f(y) = 8-y = 327, Bjy;, we get

Re 2{:ﬁ%<$,§ﬁ <:7/<‘R£ j{:ogﬂj < j{:(ﬁﬁ%
Jj=1 J=1

J=1

for all z € B with ||z|| < 1. So

Re <x,Zﬁj§j> <y < Zajﬁj

J=1 Jj=1

for all 2 € B with ||z|| < 1. Replacing 2 by ez (with § € R), we get by varying 6 that
n n
<£U, Zﬂj§j> <7< Za]ﬂj
j=1 j=1
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if ||z|| < 1. That is,
n n
S Bl <y < D a8,
=1 i=1

which contradicts condition 2. O

Lemma 27.2. Let B be a Banach space. Then the set J({x € B : ||z|| < 1}) is dense in
{z € B* : ||z|| < 1} for the weak topology o(B**, B*).

Proof. Let z € B** with ||z]| <1, and let V' be an open neighborhood of z in the topology
o(B**,B*). We claim that VN J({x € B : ||z|| < 1}) # @. We may assume that V' has
the form V ={y € B™ : | (§,y — 2) | <eV1 < j < n} with e > 0 and {; € B*. We must
show that there exists x € B with ||z]| < 1 such that | (z,&;) — (§,2)| <efor 1 <j <n.
Letting a;; = (&, z), we notice that for all f1,..., 08, € K,

——
B <1

Zﬁjaj = <Z,Bj§j,2> < Zﬂjgj ||Z|B**§ Z/ngj
j=1 j=1 j=1 j=1

B*

By the previous lemma, there exists an . € B with ||| < 1 such that | (z, ;) — ;| <e.
Thus, J(z:) € J{x € B: ||z|| <1})NV. O

Remark 27.1. Notice that J({z € B : ||z| < 1}) C {z € B* : ||z|| < 1} is closed in the
strong sense.
27.2 Kakutani’s theorem

Proposition 27.1. Let By, By be Banach spaces, and let T € L(By,Bs). Then T :
(B1,0(B1, BY)) — (B2,0(Ba, B3)) is continuous.

Proof. Let O C By be open for o(Bg,B;). We may assume that O = {y € By :
| (y —z,mj) | <eV1<j<n}, where x € By, n; € B;, and € > 0. Then

T7H0)={z€B1: |(Tz—z,n;)| <eV1<j<n}
= {2 € By : |{Tz,m;) — (w.m;) | <e¥1 < j <}
={z € B1:[(,T™n;) — (z,mj)| <eVI<j<n}

which is open in B; for o(B, BY) since T%n; € Bj. O

Theorem 27.1 (Kakutani). A Banach space B is reflexive if and only if the closed unit
ball {x € B : ||z|| < 1} is compact for the weak topology o(B, B*).
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Proof. Assume first that B is reflexive. Then J({z € B : ||z|p < 1}) = {y € B* :
llyl| B+« < 1} is compact in the weak* topology o(B**, B*) by Banach Alaoglu. We only
have to check that J~!: (B**,o(B**, B*)) — (B,o(B, B*)) is continuous (as a continuous
image of a compact set is compact). When O = {y € B : |(y — z,§) | < €} with z € B,
¢ € B* and € > 0 is open in o( B, B*), it suffices to check that (J~1)~1(0) = J(O) is open in
B** with respect to o(B**, B*). This follows from J(O) = {z € B* : [ {{,z) — (x,&) | < ¢}.

Assume that {z € B : ||z|| < 1} is compact for the weak topology (B, B*). We claim
that the map J : (B,o(B,B*)) — (B**,o(B**, B***)) is continuous. Indeed, J : B —
B is strongly continuous (as an isometry), and so the claim follows. Now B* C B***
so the topology o(B**, B*) on B** is weaker than o(B**, B***), and it follows that J :
(B,o(B,B*)) — (B**,0(B**, B*)) is continuous. We get that J({x € B : ||z| < 1}) is
compact for o(B**, B*) as the continuous image of a compact set is compact. It is also
dense in {x € B** : ||z]| < 1} for the topology o(B**, B*). Therefore, J({z € B : ||z|| <
1}) = {z € B* :||z|| < 1} and hence, J(B) = B**. So B is reflexive. O

67



28 Properties of Reflexive Spaces

28.1 Reflexivity of subspaces and the dual space

Last time we proved Kakutani’s theorem, that a Banach space B is reflexive if and only if
{z € B : ||z|| <1} is compact for o(B, B*).

Proposition 28.1. Let B be a reflexive Banach space, and let M C B be a closed subspace.
Then M 1is reflexive.

Proof. We have to show that {x € M : ||z|| < 1} is compact for o(M, M*). Now o(M, M*)
agrees with the topology induced on M by o(B, B*). We can write {z € M : |jz|| < 1} =
Mn{xz e B :|z|| <1}, where {zx € B : ||z[| < 1} is compact for o(B,B*). M is closed
and convex, so it is closed for o(B, B*). Therefore, M N{z € B : ||z| < 1} is compact for
o(B, B*), so it is compact for o(M, M*). By Kakutani’s theorem, M is reflexive. O

Corollary 28.1. A Banach space B is reflexive if and only if B* is reflexive.

Proof. ( = ): By Banach-Alaoglu, {{ € B* : |&]| < 1} is compact for o(B*, B). B
is reflexive, so this topology agrees with o(B*, B**), as B is reflexive. This is the weak
topology on B*. By Kakutani’s theorem, B* is reflexive.

( < ): If B* is reflexive, by the first part of the proof, B** is reflexive. Now J :
B — B** is isometric, so J(B) C B** is closed. So J(B) is reflexive. We claim that B is
reflexive. In general, if B; and By are Banach spaces with By reflexive and there exists
T € L(By, By) is bijective, then By is reflexive. The adjoint T* : By — Bj is bijective; for
all £ € Bj, there exists a unique n € Bj sicj tjat £ = T™n. Let y € B}, and consider (for
£ B,

(&)= (T"ny) =0, T"y) = (n,2),

where = € By, since B is reflexive (so we can view T** : Bi* — Bj). We get

<£7y> = <.CL‘, (T*)_l §> = <T_1w7§>'
——

——
=(T-1)* €B;
This shows that Bj is reflexive, and we get that B is reflexive. O

We record the general statement we have proved here for completeness.

Proposition 28.2. Let By and Bs be Banach spaces with By reflexive, and let T €
L(B1, B9) is bijective. Then By is reflexive.

Example 28.1. L!(R") is not reflexive, so L°°(R") is not reflexive. This differs from the
spaces LP for 1 < p < oo, which are reflexive.
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28.2 Compactness properties of the weak topology

Corollary 28.2. Let B be a reflexive Banach space, and let K C B be closed, bounded,
and convex. Then K is compact for o(B, B*).

Proof. K is closed and convex, so K is closed for o(B, B*). Moreover, K C {x € B : ||z| <
C'}, which is compact for o(B, B*). So K is compact. O

Recall: Let B be a separable Banach space, and let &, € B* be a such that ||£,| < C.
Then there exists a subsequence (&,,) which converges in o(B*, B). We have a similar
statement for reflexive Banach spaces which need not be separable.

First, we state a basic fact that we will use.

Proposition 28.3. Let B be a Banach space. If B* is separable, then so is B.

We do not have time to prove this statement, but you can either do the proof yourself
or see the proof in Folland’s textbook (exercise 25 in chapter 5).

Theorem 28.1. Let B be a reflexive Banach space, and let (x,) be a bounded sequence.
There exists a subsequence (xy, ) which converges in (B, B*).

Proof. Let My C B be the space of finite linear combinations of the x,s. My is separable
(using rational coefficients), and so is M = M. Then z,, € M for all n, and M* is separable
and reflexive. Then J(M) is separable, and J(M) = M**. Since M** is separable, we get
that M* is separable. It follows that the weak topology o(M, M*) on {x € M : ||z| < 1} is
metrizable. Thus, {x € M : ||z|| < 1} is a compact metric space for o(M, M*), and there
exists a subsequence (x,, ) which converges in o (M, M*). In other words, (xn,,n) — (Zo,n)
for all n € M*. If £ € B*, then &|y € M* and so z,, — xo in o(B, B). O

Remark 28.1. If B is a Banach space, then B is separable and reflexive if and only if B*
is separable and reflexive.
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