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1 Basics of Measure Theory

1.1 Motivation for measure theory

Suppose X ~ N(0,1) has a Normal distribution. We have a probability distribution

o(x) = \/%e_#/z. We can evaluate the expectation of a function by

Mﬂxnz/qu@Mx

If we have a Binomial random variable Y ~ Binom(n, p), we can write the expectation as
n
E[f(Y)] =) fwaly).
y=0

If we have Z = max(X,0) and we want to calculate the expectation, we could do

B2 = 3£0)+ [ 1()0(:) d

In general, we could have probability distributions on other sets, such as orthogonal ma-
trices. We want a consistent notation for all of these situations. We want to be able to
write something like [ f(z)dP(z).

Especially in applied contexts, you may never need the full power of measure theory,
but measure theory helps us understand what it means to, for example, condition on an
event (and whether we can do so with probability 0 events).

1.2 Measures

Measure theory is a rigorous grounding for probability theory.

Definition 1.1. Let X be a set. A measure p maps subsets A C X to non-negative
numbers: p(A) € [0, o0).

Example 1.1. Let & be countable (e.g. X = Z). The counting measure is #(A) =
# points in A.

Example 1.2. Let X = R". Lebesgue measure is the usual notion of volume: \(A) =
Jf 4 dx1 -+ dzy. It is not actually possible to assign a measure to every subset of R";
it is possible to construct such a non-measurable set using the axiom of choice.

Example 1.3. The standard Gaussian distribution is a measure. If Z ~ N(0,1) and
X =R, we can make a measure via P(A) =P(Z € A) = [, ¢(x) dz.

In general, the domain of a measure p is a collection of subsets of X: F C 2¥. Such a
collection is called a o-field and satisfies certain properties.



Example 1.4. If X is countable, such as with counting measure, then we can take F = 2%,

Example 1.5. If X = R", we can take F to be the Borel o-field, which is the o-field you
get if you want to be able to measure all the open subsets of R™.

Definition 1.2. Given a measurable space (X, F), a measure is a map p : F — [0, 0]
with p(U;2, Ai) = D ooy u(A;) for disjoint A;.

Notice that measures can take infinite values, such as #(Z) = oc.

Definition 1.3. A probability measure is a measure p with u(X) = 1.

1.3 Integration with respect to measures

We want to be able to talk about what [ f(x)du(z) means for a nice enough function f.
Define

[ eny dnto) = )
Extend this definition to other f by linearity and limits:
n n
|3 etpen dut) = Y- i)
j=1 j=1
With functions like this, we can approximate a wide class of functions:

-

.

Example 1.6. With counting measure,

[ra#=3 f.

zeX

Example 1.7. With Lebesgue measure,

/fd)\:/--~/f(a;)dx1~-dxn.
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Example 1.8. With the Gaussian distribution,

/fdP:/f¢dx.

With a discrete distribution, we cannot write it as a density with respect to Lebesgue
measure. When do we have a density?

1.4 Densities

Definition 1.4. Given (X, F) and two measures P, i, we say P is absolutely continuous
with respect to p (denoted P < p) if u(A) =0 == P(A) = 0. We also say that p
dominates P.

If P < p, then (under mild conditions) we can define the density function p : X — [0.00)
with

P(A) = /A ple) du(z) = / 1 ayp(z) du(z).

We can also write

[ 1@ dr@ = [ s@pls) duta).

The theorem which allows us to do this is the Radon-Nikodym theorem. The common nota-
__ dP

tion is p(x) = g7 (x), where the density is referred to as a Radon-Nikodym derivative.
Example 1.9. If P is a probability distribution and p is Lebesgue measure, we call p(x)
a probability density function (pdf).

Example 1.10. If P is a probability distribution and p is counting measure, we call p(x)
a probability mass function (pmf).

1.5 Probability spaces and random variables

How would we talk about an expression like P(X152Xe > Wa,ns)?

Denote 2 as the outcome space and w € ) as an outcome variable. A C Q is
called an event, and P(A) is the probability of A. All of these elements together are called
a probability space (2, F,P).

Definition 1.5. A random variable is a function X : Q) — X.

With this definition, we can say things like X (w) = 5. So € contains all the randomness,
and if we knew w, then we would know the value of X.

Definition 1.6. We say that X has distribution @ (X ~ Q) if

P(X € B) = P({w : X(w) € B}) = Q(B).



The expectation is then

E[f(X,Y)] = /Q F(X(),Y (@) dP(w).

In practice, we will still calculate expectations as usual.



2 Estimation and Introduction to Exponential Families

2.1 Review of measure theory

Last time, we introduced some ideas from measure theory. Let’s review:
A measure p assigns a “weight” to subsets A C X (for A € F).

Example 2.1. The counting measure is #(A) = card(A).
Example 2.2. Lebesgue measure gives A(4) = vol(A) (in R™).
Example 2.3. The Gaussian distribution gives P(A) = [, ¢(x) dz.

Measures give rise to integrals:

p(A) fz) = Il{xeA}
[ @) = e 1) = S peay
limit f(x) nice enough.

If P < p (meaning u(A) =0 = P(A) = 0), there is a density p(z) with p : X —
[0,00) such that [ fdP = [ fpdu for all (nice) f.

The outcome space €2 containing outcomes w is equipped with a measure P. Random
variables are functions with X (w) € X (e.g. X = R). You can think of X “decoding”
the randomness w to tell you what the value in our nicer space X is. We write X ~ @ if

P(X € B) = Q(B).

2.2 Estimation

In statistics, there are multiple possible distributions that could have generated the data.

Definition 2.1. A statistical model is a family of candidate probability distributions
P ={Fy:0¢c O} for a random variable X ~ Py. X is called the data, and 6 is called the
parameter.

The data X is observed by the statistical analyst, whereas 6 is unobserved by the
analyst. For now, @ is fixed and unknown.! The goal of estimation is to observe X ~ Py
and guess the value of some estimand g(0).

Example 2.4. Flip a biased coin n times. The parameter 6 € [0, 1] is the probability
of heads, and X ~ Binom(n,#) is the number of heads after n flips. X has a density
po(x) = 60°(1 — z)"*(") for x = 0,1,...,n (this is a density with respect to counting
measure on {0,1,...,n}).

'This is a frequentist perspective. With a Bayesian perspective, we may assume that 6 follows some
distribution.
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Definition 2.2. A statistic is any function 7'(X) of X.

In particular, a statistic is not a function of 6. It is something the statistical analyst
can calculate.

Definition 2.3. An estimator §(X) of g(#) is a statistic intended to guess g().

Example 2.5. In our coin flipping example, the natural estimator for 6 is 6o(X) = X/n.

2.3 Loss and risk

How can we tell if an estimator is good?
Definition 2.4. The loss function L(6,d) measures how badly an estimate is.

Example 2.6. One important loss function is the squared error loss L(0,d) = (d —

9(0))%.
Usually, L(0,d) > 0 for all 8,d with L(6, g(6)) = 0.

Definition 2.5. The risk function R(6;0(-)) = Eg[L(6,6(X))] is the expected loss as a
function of 6.

Remark 2.1. The Ey notation refers to the expectation with respect to X, where 6 is
the true parameter. This is in contrast to other disciplines which use the notation Ex to
denote what variables we are conditioning on in the expectation. We will use the notation
E[f(X,X’) | X'] when we want to only integrate over certain random variables.

Example 2.7. The mean squared error is the risk function MSE(0, §p(+)) = Eg[(6(x) —
0)?].

Example 2.8. In our coin flipping example, we have the estimator do(X) = X/n with
Eg[X/n] = 6 (this is an unbiased estimator). The loss is

MSE(6, 50(-)) = Eo[(6(z) — 6)2]
= Vary(X/n)
o1 —0)

Here are other choices of estimators. We could take

X+3
n(X)= p_—
X+3
%2(X) = n+ 6

11



4\ R(e38)

R(e:8,)

f2(6;3)

0]

(]
V2 :

There is no estimator which is always the best; if § = 3/4, then the constant estimator

0(X) = 3/4 would be better
other than 3/4.

than any estimator which has a chance of suggesting anything

2.4 Comparing estimators

Definition 2.6. An estimator §(X) is inadmissible if there exists another estimator

0*(X) such that

(a) R(6;6") < R(6;0) for all 6,

(b) R(6;0*) < R(#;0) for some 6.

In our previous example

, 0o rendered 97 inadmissible.

Here are some strategies to resolve the ambiguity:

1. Summarize R(6) by a scalar:

(a) Average-case risk: Minimize [y R(6;6)dA(f). The minimizer § is called the
Bayes estimator.

(b) Worse-case risk: Minimize supycg R(6;9). The minimizer § is called the
minimax estimator.

2. Constrain the choice of estimator:

(a) Only consider unbiased 0(X) (Eg[0(X)] = ¢(@)).

12



2.5 Exponential families

Definition 2.7. An s-parameter exponential family is a family P = {P, : n € =}
with densities p,(x) with respect to a common dominating measure p on X' of the form

pylz) = e T@=AM)p (),
where
o T : X — R?is called the sufficient statistic,
e h: X — [0,00) is called the carrier/base density,

e 1 € Z C R? is called the natural parameter,

e A: R’ — R is called the cumulant generating function (or the normalizing
constant).

Remark 2.2. A(n) is totally determined by h, T, since we always must have [ yPndp =1
for all n. So we can solve

A(n) = log [/ e”TT(I)h(x) du(z)| < oo.
U

Definition 2.8. p, is normalizable if A(n) < co. The natural parameter space is

E1={n:A(n) < co}. We say P is in canonical form if = = =;.
Remark 2.3. A(n) is a convex function, so = is a convex set.

In general, you can think of an s-parameter exponential family as describing an s-
dimensional hyperplane in the space of log-densities.

13



3 Exponential Families and Differential Identities

3.1 Examples of exponential families

Recall from last time that an s-parameter exponential family is a family P = {P, :
n € Z} with densities
py(x) =€ T@ =AM ()

with respect to a base measure p on X. Here,
e T : X — R?is called the sufficient statistic,
o h: X — [0,00) is called the carrier/base density,
e n € Z C R? is called the natural parameter,

e A: R’ — R is called the cumulant generating function (or the normalizing
constant).

Last time, we mentioned that we can think of an s-parameter exponential family as an
s dimensional hyperplane in the space of log densities.

An important thing to note about this picture is that it shows us that the h and T are not
unique. Only the span really matters.

Sometimes it is more convenient to use a different parameterization than the natural
parameter:

po(ar) = O T@-BOp)  B(9) = A(n(6)).

Example 3.1. Consider the family of Gaussian distributions, X ~ N(u,0?) with 4 € R
and 02 > 0. Here, § = (u,02). To describe this as an exponential family, we have

1
po(x) = e (@—1)?/(20%)

Vo2

14



So we have
_ [ wo _[= _ e L 2
00 = | o] T@=[5]. ww=1 8O- L+ fosene)
In terms of 7, we can say

pie) = e (o7 [5] =4} ) =~ + Liog(omm).

Example 3.2. Now suppose X1,...,X, i N(u,0?). Then

() = [ 0§ (x0)
=1

— exp ( {“2 12 2 (2“2 + 210g(2m2)>D

n
_ MZ , Z 2 K 1 2
—eXp<O_21$1—M1x2_n<w+210g(2ﬂ'0'))>
1= 1=

So we have

n(0) = [_1“/(‘;_2)] . T(a)= [2;32] . h(z)=1, B(6) =nBY(9).

Proposition 3.1. Suppose Xi,...,X, by p(z)( ) = e”TT(x)_A(")h(J:). Then the distribu-

tion of X = (X1,...,X,) follows an exponential family with sufficient statistic ;| T'(x;)
and cumulant generating function nA(n).

Proof.
x~ T
_ H o T(xi) ”)h(azl)

:exp< ZTxl—nA )Hhmz. O

T(X) also follows a closely related exponential family.

15



Proposition 3.2. Suppose X € X and T'(X) € T C R® with h(z) =1 and X ~ p,(x) =
e T@)=AM) with respect to p. For a set B C T, define v(B) = w(T~Y(B)). Then

T(X) ~ gyt) = €7 =40
with respect to v.

Example 3.3. In the discrete case, this is

PT(X)eB)= Y " T@=AWy({z})

x:T(z)eB
.
=> Z e AN u({a})
teB z:T(x
_ nTt A(n
=> e “({=})).
teB v({z})

So T ~ e t=AM) with respect to v.

Example 3.4. Let X ~ Binomial(n,#). We can turn this into an exponential family as
follows: For 6 € (0,1),

polz) = 6°(1 — O)"* <n>

() a-or()
— exp <x log f 5+ nlog(l - 9)) (Z)

The natural parameter is () = log 1%09.

Example 3.5. Let X ~ Pois(f) with density py(xz) = )‘z;,_ * with respect to counting
measure on N. This is an exponential family

1
pala) = exp (log N — )
with natural parameter n(\) = log .

Most of the families of distributions you can find on, say, Wikipedia, will be exponential
families.

16



3.2 Differential identities for the cumulant generating function
Begin with the equation
eAn — /e"TT(x)h(x) dp(z)
and then differentiate. Here is a criterion which lets us differentiate under the integral:

Theorem 3.1 (Theorem 2.4 in Keener). For f: X - R, let=y ={neR*: [ Ifle" Thdp <

oo}. Then g(n) = [ fe”TTh dp has continuous partial derivatives of all orders for interior
points N € Eg]c, and we can find them by differentiating under the integral.

In particular, letting f = 1, we get that A(n) has infinitely many partial derivatives in
Z9. So we can calculate

9 Am) / 9 n'T(z)
e = e TIh(x) du(x),
on; on; () du(z)
which gives
0A

This shows that

Proposition 3.3.

Taking second derivatives, we have

0?A Aln) _ ok

.
e = e T@h(z) du(z),
In;jOn 90N (&) du(z)

which gives us

824 9A 8A> / —_
TA_GLIAN _ [ ppen T-A0p gy,
( dnj  Onj O Itk H

So we get
ST () = By [Ty Ta] — By [T B, [T} = Cov(T;. Th).
In total, we get
Proposition 3.4.
V2A(n) = Vary(T(X)).

17



Differentiating repeatedly, we get
ak1++k.s

e~AM L
ot - O

() = EyfTf* - 7).

This is because M,7T (u) = eA+w=AM) is the moment generating function (MGF) of
T(X) when X ~ py:

:/euTTeﬁTT—z‘l(ﬁ)hd’u

_ Alrtu)—A(n) / 0 T=ACr 0 gy

~~

=1

18



4 Sufficient Statistics

4.1 Recap: differential identities for exponential families
Last time, we were talking about exponential families P = {Py : € O} with densities
po(z) = 1O T@=BO)p ().
In natural parameters, we have
pylz) = e T@=AM p(y).

Last time, we proved some differential identities by starting with the equation

Al — /GWTT(r)h(:p) dp(z)
and differentiating with respect to ;. We saw that
VA®n) =Ey[T(X)],  V*A(n) = Var,(T(X)).

In general, we have
ak1++k5

e~AM L
ot - 05

() = By [T7" - 7).
This is saying that eA(1t® =4 is the moment generating function of 7

O catrru-am),_ = (9 pAm)) . —awm)
du N on;

If we take logs, we get that A(n + u) — A(n) is the cumulant generating function of
T(X).2
Here is another calculation of the MGF for 7'(X) in an exponential family:

:/euTTeWTT—A(W)hd'u

— oAl gA(utn)

?We have been calling A(n) the CGF, but technically that is only the case where 1 = 0.
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4.2 Sufficiency

Our motivation is going to be the example of coin flipping.

Example 4.1. Suppose Xi,...,X, Py Ber(6), so our data is X ~ [[,6%(1 — 0)* on
{0,1}"™. Instead of observing the whole sequence, we can observe a summary statistic
T(X) = Y, X; ~ Binom(n,6) = 6*(1 — 6)"~*("}) on {0,1...,n} which only records the
total number of heads. This is a lossy compression of the data (X1,...,X,) — T(X). Why
can we justify this?

We can think of the information in (X7i,..., X,,) as coming in two parts: the first part
is T'(X), which is the part relevant to estimating 6, and the second part is the ordering,
which doesn’t depend on 6. The reason that T'(X) is the important part for estimating 6
is that T'(X) is the only part that depends on 6.

Definition 4.1. Let P = {P : 0§ € ©} be a statistical model for data X. T(X) is
sufficient for the model P if Py(X | T') does not depend on 6.

Example 4.2. Continuing our coin flipping example,
Po(X =2,T =1t)
Po(T = t)
B 02 ¥i(1 — G)n— 2w L
- gi(1 — Gyt (Ttb) {32 zi=t}

1

Po(X =2 |T=1t)=

The interpretation is that we can think of Nature as generating the data in 2 steps:
1. Generate T'(X) ~ Py(T(X)), dependent on 6.
2. Generate X ~ P(X | T), not dependent on .

Sufficiency principle: If 7'(X) is sufficient, then any statistical procedure should depend
on the data X only through 7. N
Why should we believe in this sufficiency principle? Suppose we generate X ~ P(X | T).

0 naturg T(X) X

\SJ
X
Then X £ X , so any estimator gives 6(X) 4 d(X). So we should always be fine using

T(X), since we don’t really lose any information by using it. Later, we will see that using
sufficient statistics can reduce the loss we incur in estimation.
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4.3 Factorization theorem for sufficient statistics

Theorem 4.1 (Fisher-Neyman). Let P = {Py : 0 € ©} be a statistical model with densities
po(x) with respect to a common dominating measure jn. Then T is sufficient for P if and
only if there exist nonnegative functions gg, h such that pg(x) = go(T(x))h(z) for p-a.e. x.

Here is a “physics proof.” For a careful proof, check Keener.

Proof. (<—):
N go(t)h(z)
po(x | T =1) = Lir)= - J o)t 96(O(z) dpu(2)
., ‘ h(x)
(T(x)=t} Jr(zy=i M(2) du(z)’
(= ): Take

golt) = /T o) () = Ba(T(X) =1),

_ Pe, (z) _ — — Tz
M) = fT(z):T(x) Po, (2) du(z) = Poo(X =2 | T(X) =T()).

for any fixed 6y € ©. Then

9o(T(z))h(z) =P(T(X) = T(2))Pe(X =z | T(X) = T(z))
= py(x). O

Example 4.3. For exponential families,

po(z) = 1O T@=BEO) p(7)
N )
90(T () h(z)
so T is sufficient for 6.

Example 4.4. Suppose X1,..., X, G Pe(l) for any model P(M) = {Pe(l) :0€®lon X CR.

Pél) is invariant to permuting X = (Xi,...,X,). The order statistics X(;) < Xy <
-+ < X(y) are defined by X(;) = the k-th smallest value (counting repeats). For example,
if X = (1,3,3, —1), then X(l) = —1,X(2) = 1,X(3) = 3,X(4) = 3.

IfXy,.... X, id Pél) is any univariate model P, then the order statistics are sufficient.

For a more general X', we can say the empirical distribution
~ 1 <&
Pal) = > 6x,0)
i=1
is sufficient.
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4.4 Minimal sufficiency
Example 4.5. Consider X1,..., X, N (0,1). The following statistics are sufficient:

1
T(X) —;Xi, X = nZX

S(X) = Xy X))y X = (X100, Xn).

It seems like the latter two statistics have more information than T(X) or X. These are
all sufficient statistics (and in fact the data itself is always sufficient), so what should we
do with regards to the sufficiency principle? The idea is to find sufficient statistics with
the least amount of information, i.e. the ones that cannot recover the others.

Here is a diagram that expresses which statistics have more information than others:

Next time, we will talk about minimal sufficient statistics, which have minimal infor-
mation while remaining sufficient.
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5 Minimal Sufficient and Complete Statistics

5.1 Recap: sufficient statistics

Last time, we talked about sufficient statistics. We said that 7'(X) is sufficient for P =
{Py : 6 € O} if the distribution of X | T'(X) does not depend on . We encountered the
sufficiency principle, which said that we should only attend to sufficient statistics 7" in
our statistical analysis, rather than the whole data.

The factorization theorem says that if P has densities py(z) with respect to p, then
T(X) is sufficient iff there exist functions gg, h such that pg(z) = go(T(x))h(z). For
exponential families, we have
— (0T T(x)—B(9) h(x).

N
90 (T (2))

Here are a few examples we saw last time:

po(w)

Example 5.1 (Order statistics). If Xi,...,X,, € R, X is the k-th smallest value
(including repeats). Then if Xi,..., X, 2 p() with any model for P on R, then
S(X) = (X, .-+, X(n)) is sufficient.

Example 5.2. If X1,..., X, N (0,1), then we have the following hierarchy of sufficient

statistics:
X

!

S(X)

7N

> X X

The higher up statistics in this diagram can be “compressed” more to get the ones at the
bottom, which we may think of as minimal sufficient (or the most compressed).

5.2 Minimal sufficient statistics
Proposition 5.1. If T(X) is sufficient and T(X) = f(S(X)), then S(X) is sufficient.
So statistics with more information than sufficient statistics are also sufficient.

Proof. Using the factorization theorem,

po(x) = go(T'(2))h(x)
= (g0 © f)(S(x))h(x).
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Here are the sufficient statistics with the least information.
Definition 5.1. T(X) is minimal sufficient if
1) T(X) is sufficient.

2) For any other sufficient statistic S(X), T(X) = f(S(X)) for some f (a.s. in P).

5.3 Likelihood functions

We will see that the shape of all likelihood ratios will be minimal sufficient, so any statistic
that has the same information will be minimal sufficient.

Definition 5.2. If P has densities py(z) with respect to p the likelihood function (resp.
log-likelihood) is the density (resp. log-density), reframed as a random function of 6.

Lik(©; X) = pp(X), 0(0; X) = log Lik(6; X).
If T is sufficient, then

Lik(0;x) = go(T(x)) - h(x)

determines shape scalar multiple

Theorem 5.1. Assume P has densities pg and T(X) is sufficient for P. If
Lik(0; z) ocg Lik(60;y) = T'(x) =T (y),
then T'(z) is minimal sufficient.

Proof. Proceed by contradiction. Suppose S is sufficient and there does not exist some f
such that f(S(x)) = T(x). Then there exist x,y with S(x) = S(y) but T'(x) # T'(y). Then

Lik(0; x) = go(S(x))h(z)

which is a contradiction. ]

5.4 Minimal sufficiency in exponential families

Example 5.3. For an exponential family,

po(z) = 1O T@=BOp(y).
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Is T(X) minimal? Assume Lik(6; x) oxg Lik(6;y), We want to show that T'(z) = T'(y).

Lik(0; 2) g Lik(0;y) <= 1@ T@=-BOp(3) ocy 1O TW=-BO ) g
= 1OT@ = O TW (g y) VO
= (0)"T(x) =n(0) ' T(y) + a(x,y) VO
& n(0) (T(z) - T(y)) = a(z,y) V0.

Plug in #; and 65 to get 2 different equations and subtract:

= (9(61) = n(62)) (T(z) ~T(y) =0 V01,6,
<~ T(x) —T(y) L span{n(61) — n(62) : 61,6, € O}
If span{n(61) — n(62) : 61,02 € O} = R*, then we will get T'(z) = T'(y).
Suppose 1n(0) = B] Then Tj(z) is sufficient. Does this mean that 7' cannot be
minimal sufficient? In a N(u,0?) family with n = 1, then T(X) = [;(2} . But if n = 10,

X . . . o
then T'(z) = {%’ X;] in which case T' cannot be recovered from 77. So in general, it is
i<
possible that T'(X) may not be sufficient.
Here is a picture of exponential families A, B, and C in the natural parameter space =.

7.4 =

TOO  winmal

|
TK) s
7;‘«#’1( jeat

= T /grhla,
Not  misisa]

e In exponential family A, the parameter space is locally 2-dimensional, so we get the
whole span. Thus, T'(X) will be minimal.

e In exponential family B, we still get two vectors that span R?, so T'(X) is still minimal.
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e In exponential family C, "7 (x) is minimal, where ~ lies along the line. But T'(X)
may not be minimal. If we say 7(f) = a + 0y with § € R, then n' T(z) = o' T(z) +
O~y T(x).

Example 5.4. If X ~ No(u(0),Ir) = et® e=BO0)-(1/22"e with g € R. If © = R,
w(0) = a + 0b with a,b € R?, then

po(z) = HOT2)=B(0) ,—(1/2)(2—2a)Ta

Because b' z is sufficient, X is not minimal sufficient.

Example 5.5 (Laplace location family). Let Xi,..., X, id pél)(x) = %e"z_m. Then

SO

U0;z) = — Z |z; — 0] — nlog2.
i=1

xtl\ X(a) X ) X(‘, X“—)
|

4
— 1]
L)
i
'

! ﬁ!‘f""%@

Here, (X(1), .., X(n)) is minimal sufficient.

In many examples beyond exponential families, there aren’t any useful sufficient statis-
tics.

5.5 Complete statistics
Definition 5.3. T(X) is complete for P = {Fy: 0 € O} if

Eo[f(T)] =0 VO = f(T)=0 V0

You should think of this as an upgrading of minimality.
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Example 5.6. In the Laplace location family, are there any complete statistics? Let
f(S(X)) = Med(X) — X. Then Ey[f(S(z))] =0 — 6 =0, but Med(X) # X a.s.

Definition 5.4. Let P be an exponential family with py(z) = e"((’)TT(x)_B(e)h(x). If
Z0=n(0) ={n(0) : 0 € ©} contains an open set, then we say P is full-rank. Otherwise,
P is called curved.

Theorem 5.2. If P is a full-rank exponential family, then T(X) is complete sufficient.

For a proof, see Lehmann and Romano Theorem 4.3.1.
Going back to our previous examples, in family A, T" will be complete, whereas in
families B and C, T" will probably not be complete.

Theorem 5.3. If T(X) is complete sufficient for P, then T(X) is minimal.

Proof. Assume S(X) is minimal sufficient; we will recover T' from S. Then S(X) =
f(T(X)). Define
m(S(X)) = Eo[T(X) | S(X)].

This is a proper statistic (not depending on 6) due to conditioning on the sufficiency of the
statistic S. Then let g(t) =t —m(f(t)). Then

Eglg(T)] = Eo[T] — Eg[Eo[T" [ S]] =0 V0,
so g(T) £ 0 by completeness. This says that T % m(S(X)). O

5.6 Ancillary statistics
Definition 5.5. V(X) is ancillary for P if its distribution doesn’t depend on 6.

This is a statistic that we already know without knowing 6.

Theorem 5.4 (Basu). If T(X) is complete sufficient and V(X) is ancillary, then T IIV
for all 6.

Remark 5.1. Completeness is a property of the model, whereas independence is just a
property of the distributions.
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6 Basu’s Theorem, Rao-Blackwell, and Unbiased Estimation

6.1 Recap: Minimal sufficient, complete, and ancillary statistics
Last time we discussed minimal sufficient statistics, which are

1) T(X) is sufficient.

2) For any other sufficient statistic S(X), T(X) = f(S(X)) for some f (a.s. in P).
For an s-parameter exponential family with py(x) = e”(g)TT(””)_B(e)h(x), T(X) is minimal
if

span{n(01) —n(62) : 01,02 € O} = R®.
We also discussed complete statistics, which have the property that

Eolf(T(@)] =6 Y0 — f(T(x)) ™ 0.

We saw that in an exponential family, 7'(X) is complete if = contains an open set, but this
is not a necessary condition. In the following picture, 7'(X) will be complete in exponential
families A and B but not necessarily in family C.

7.4 =

T winmal

1 .
7T(x) is
L i:ie'\"

= T prob.

Aot minime|

Family B is usually called a curved exponential family since the parameter space is a
lower-dimensional space within the natural parameter space.
We saw that completeness is an upgrading of minimality for sufficient statistics:

Theorem 6.1. Complete sufficient statistics are minimal.

We also introduced ancillary statistics V(X), where the distribution of V' doesn’t
depend on 6.
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6.2 Basu’s theorem

Theorem 6.2 (Basu). If T(X) is complete sufficient and V(X) is ancillary for P, then
V(X)L T(X) for all 0 € ©.

Proof. We want to show that for all sets A, B and for all 6,
Po(V € A,T € B) =Py(V € A)Py(T € B).
This is equivalent to showing
Po(VeA|T e B)=Py(V € A)
whenever Py(T € B) > 0. Let
gA(T(X))=P(V e A|T(X)), pa =PV e A).
Note that q4,pa are independent of 6. We have

Eolqa(T(X)) — pa] = pa —pa =0,
so by completeness of T(X), ga(T(X)) % pa. O

Remark 6.1. The hypotheses of Basu’s theorem apply to a model, whereas the conclusions
apply to each distribution. So sometimes, to prove that statistics are independent, we can
apply Basu’s theorem to submodels of the original model.

Example 6.1. Let X1,..., X, id N(p,0?) with 4 € R and 0 > 0. We want to show
that X = %72?:1 X, 115% = ﬁZ?:ﬂXi — X)2. Let Q.2 = {N(u,0®)" : p € R}. In
this model, X is complete sufficient (which we can verify by writing this as an exponential
family). To show that S? is ancillary, let Z; = X; — u Y N(0,0?) (not that these are not
statistics, since they suppose the value of p). Then

n n

% = nilz(xi—Y)Qz niIZ(zi—Z)z

i=1 i=1

-~

o2

2
nflxn—l

has distribution not depending on 6. So by Basu’s theorem, X II S? for all u,o?. Take
note that we split the model into submodels where ¢ was fixed.
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6.3 The Rao-Blackwell Theorem

Why should we use sufficient statistics or complete statistics 7'(X)? The idea is that if
0 only depends on T'(X), then using anything else would be adding extra randomness, or
“noise,” that obscures our result. To talk about what effect this has on our loss functions,
let’s introduce a condition on our loss functions.

Definition 6.1. A function f(z) is convex if for any v € (0, 1),

flyz+ (1 =7)y) <vf(@) + (A=) f(y)
The function f is strictly convex if the inequality is strict (<).

Jensen’s inequality says that this extends to general averages, not just the average of
two points.

Theorem 6.3 (Jensen’s inequality). If f is convezx, then
fEX]) <E[f(X)).
If f is strictly conver, we get <, unless X = c.

Here, X could be a random vector.
If the loss L(0; d) is convex in d, then we lose by adding extra noise. Jensen’s inequality
tells us that more the distribution spreads out, the more the average risk increases.

Theorem 6.4 (Rao-Blackwell). Assume T(X) sufficient and §(X) is an estimator for
g(0). Let 6(T(X)) = E[6(X) | T(X)]. If L(0;d) is convex, then

R(6;6) < R(0;5) V.
If L(0;d) is strictly convex, then the inequality is strict, unless 0 = 5.
Proof. The risk is

R(0;0) = Eg[L(6;E(6 | T))]
By Jensen’s inequality (applied to the conditional expectation given T'),
< Eg[E[L(6;6) | T7]
= Eg[L(8;0)]

a.

w

9. O

with strict inequality for strict convexity unless &

Remark 6.2. Where did we use sufficiency in the proof? We used it when defining 4,
where the conditional expectation should not depend on 6.

Turning § into § is called Rao-Blackwellization.
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6.4 Unbiased estimation

Definition 6.2. The bias of an estimator §(X) for g(9) is
Biasy(6(X)) = Eg 5(X) — g(0).
The statistic 6(X) is unbiased for g(6) if Eg[0(X)] = g(@) for all 0.
An unbiased estimator may not always exist.

Definition 6.3. We say g(f) is U-estimable if there is an estimator §(X) that is unbiased
for ¢(6).

Definition 6.4. An estimator §(X) is uniform minimum variance unbiased (UMVU)

if for any other unbiased 0, Vary(d(X)) < Varg(6(X)).

We could equivalently say MSE(6;6) < MSE(0;9).

Theorem 6.5 (Lehmann-Scheffé). Suppose T'(X) is complete sufficient for P ={Py: 0 €
©}. Then for any U-estimable function (@), there is an a.s. unique UMVU estimator of
the form 6(T'(X)).

Proof. Assume p(X) is unbiased for g(6). Then define
(T)=Eoo | T).
This is unbiased because

Eo[6(T')] = Eg[E[do | T]} = E[do] = 9(0).

If §(T) is unbiased, then E[§(T) — §(T)] = 0 for all . So by completeness, 6(T) = §(T).
Now suppose 6*(X) is unbiased. By Rao-Blackwell,

MSE(6; E[§* | T]) < MSE(6; §*). O
=

Remark 6.3. The picture is the same for any convex loss, not just the mean squared error.
For strictly convex loss, the unique UMVU has strictly less loss than any other unbiased
estimator.

Remark 6.4. Unbiased estimators are not always the best, but this shows that there is
at least a best one.

How do we find an unbiased estimator? Assume T is complete sufficient. We now have
two options:

1. Find an unbiased estimator 6(7") which is a function of 7'
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2. Find any unbiased estimator dp(X) and Rao-Blackwellize it.

Example 6.2 (German tank problem?). Let Xi,..., X, by Ul0, 6] with 6 > 0.

p(z) = [[ V()
=1

u 1
= H Lio<ai<ory
i=1
1
= gn L{0<X <0}

Is the maximum complete sufficient?

so the density is

d
po(t) = 2 Po(Xm) < 1)
tn—l
=1 Li<oy:

Suppose that for all § > 0,

0= Bolf(T)] = - /0 " frtar
Then )
0= /0 feta,
so differentiating with respect to 6 tells us that
f(@) =0

for all 8 > 0.
Let’s calculate

n 0
Eg[Xm)] = 9"/0 t-t"tdt

3Imagine you’re hiding in the bushes in World War II, and you count the serial numbers. You observe
the largest serial number to try to determine the number of German tanks.
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n

:7[714-1]0
on(n +1) 0

- n

S on+1

So we can just get an unbiased estimator via

Ey [” ki 1X(n)} — 0.

n

Another way to get an unbiased estimator is to use Ey[2X;] = 6. Then you can show

that +1
n
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7 Computing UMVU Estimators and Lower Bounds for Un-
biased Estimation

7.1 Computing UMVU estimators

Last time, we proved Jensen’s inequality for convex f:

fEX]) <E[f(X)].

The Rao-Blackwell theorem told us that if L(6;d) is convex in d, §(X) is an estimator,
and T'(X) is sufficient, then E[0 | T is better than 6. We also saw that if 7'(X) is complete
sufficient and g(0) is U-estimable, there is a unique unbiased estimator of the form 6(7"). It
is UMVU (dominates all other unbiased estimators for any convex L). We saw that there
were 2 ways to find UMVU estimators:

1. Directly find an unbiased 6(7T").

2. Rao-Blackwellize any unbiased §(X).

Example 7.1. If Xy,..., X, Sy [0, 0], then X, is complete sufficient for estimating 6.

We saw that "H X(n) s UMVU However, Keener shows that among estimators of the

form cX,) X (n) actually has the best MSE.

) n+1

Example 7.2. Let X1,...,X, id Pois(0) with 8 > 0 and pmf

6re?
x!

1
Py (@) =
Then T'(X) = ), X; ~ Pois(n#) is complete sufficient with pmf

(ng)tefne
t! '

, x=0,1,....

Py (t) =

Let’s estimate 62 with an unblased estimator. First, we’ll use Method 1: YQ is not unbiased
because E[X] = 0, so E[X ] > #2 by Jensen’s inequality. Observe that

§(T) is unbiased <= Z S(t)pd (t) = 0% V6 >0
t=0

— ia(t)ﬁ =0%"" Vo >0
th '

Write 62e™ = S92, ”k?j” =22 (';L] 22), §7. So we get 6(0) = §(1) = 0, and for t > 2,

o(t) = élt__;;, . 7% — ™21 We can write this more compactly as

n2

5(t):t(t—1), t=0,1,...

n2
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Now we use Method 2, Rao-Blackwellization: We know that Eg[X;Xs] = (Eg[X1])? =
62, so we want to condition X1 Xo on T =Y, X;. Since X | T = t ~ Multinomial(t,1/n1,),
we can check that X; | 7' =t ~ Binom(t,1/n) and X3 | X7 = 21,7 = t ~ Binom(t —
x1,1/(n —1)). So we can compute

E [X1X2 | ZX] = §(T),

1

as before.

7.2 Differential identities for the score function

Assume that P has densities py with respect to pu with © C RY.  Suppose there is a
common support {z : pg(x) > 0} which is the same for all . We have the log-likelihood

(0 ) = log pp(z).
Definition 7.1. Define the score function to be V£(6; x).

We have

£(0+m;x) ~ )enTVK(O,x)

Poiq(T) =€ po(z

for small 1. So we can think of this as locally looking like an exponential family withe the
score function looking like a complete sufficient statistic.
We have differential identities, similar to in an exponential family. Start with

1:/ ) du(x)
X

Taking a%j on both sides, we get

0= / gE(@; 2)e' ) dp(x).
x 9j
This gives the identity
Eg[VL(0; X)] = 0.

It is important that we are integrating using the same 6 that we plug into the score function.
If we differentiate again with respect to 6, we get

0% or ot 0? ov or
0—/< —l—)-E [ﬁQ;X]—i—E[Q;X@;X
x \ 00,00,  00; 00y o 00,00}, ( ) 80j( )89k( )

which gives the identity
J(0) := Eg[-V2(0; X)] = Varg(VL(6; X)).

The quantity J(0) is called the Fisher information.
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7.3 The Cramér-Rao lower bound

Let’s relate this back to a statistic 6(X). Suppose
9(6) = Eals(X)) = | 8()e!®) dy(a).
X
Then

Vg(6) / SV du

= Eg[0(X)VL(0; X)]
= Covy(5(X), V(6; X)).

If we have only one parameter, so § € R, then Cauchy-Schwarz gives
Varg(6) Var(£(6; X)) > Cove(6, £())>.
So we get

Theorem 7.1 (Cramér-Rao). Let 6(X) be an unbiased estimator for g(). If 0 € R,

Varg(§(X)) >

More generally, if § € R? and g(0) € R,
Varg(8) > Vg(0) " J(0)"'Vg(0).

Remark 7.1. This technically holds for any estimator ¢ with E¢[6(X)] = g(0). We are
just interpreting it as g(6) coming first and J being unbiased for g(6).

Example 7.3 (iid sample). Suppose Xi,..., X, id p(el)(:n) with § € ©, so X ~ py(x) =
IL pgl) (x;). Writing ¢1(0;z;) = logpgl)(xi), we have

00;z) = ZEI(QW)-

Then

J(0) = Varg(V{(0; X))
= nVarg(vgl(QQ Xl))
= 7’LJ1(9),

where J;(0) is the Fisher information in a single observation. So Fisher information scales
linearly. This means that the Cramér-Rao lower bound scales like 1/n.
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7.4 The Hammersley-Chapman-Robbins inequality

The Cramér-Rao lower bound requires differentiation under the integral. The Hammersley-
Chapman-Robbins inequality gives a more general bound using finite differences. The idea
is that

p9+5($) 1= ef(@—i—a;:c)—é(@;x) 1 ETV€(0,$)
po(x)
for small €. So in the limit, we will get a similar bound to Cramér-Rao.

Theorem 7.2 (Hammersley-Chapman-Robbins). Let § be unbiased for g(0), and assume
that for some collection of €, p. < p. Then

Vars(8) > sup 90 +2) = 9(6)

€ Po+<(X) 2
Es [(ZX(X) -1) }
Eg [p9+5(x) — 1} = / (p“s - 1> po du

po() 1

= /(p9+a —pg) dp =0,

Proof. Observe that

as long as pgi. < py. Furthermore,

Cov <5(X),p"+’°‘(X) —1> :/5(%—1) podps

po(X)
— [ Souedn~ [ moa

= Eg1c[0(X)] — Eg[6(X)]
=g(0+e)—g(0).

Using Cauchy-Schwarz, we get

Pote(X)

Vars(0) - Eo [( po(X)

- 1> ] > g(0+¢) —g(0).

So we get
g0 +¢) —g(0)

Eq {(W - 1>1 |

This lower bound holds for every €, so we can take the sup over € on the right hand side. O

Varg(&) >

Remark 7.2. If we let ¢ — 0, we get the Cramér-Rao lower bound, but taking the sup
over ¢ gives a better bound.
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7.5 Efficiency
The Cramér-Rao lower bound is not always achievable.
Definition 7.2. The efficiency is

CRLB
<1

effg(0) = Varg(d) —

We say that §(X) is efficient if effy(d) = 1 for all 6.

Note that
effy(8) = Corrg(6(X), £ (0; X))?

Example 7.4. For exponential families,
T )—
py(w) =" TOADn(@), U(n;x) =0 T(x) — A(n) + log h(z).

So the score is
Vi) = T(x) - E,[T(X)]

This tells us that the Fisher information is

Var, (V{(n; X)) = Var,(T(X))
= V2A(n)
= En[_v2€(77;X>]

Example 7.5. Consider a curved exponential family with 6 € R:
po(z) = 1O T@=BO)p(y).
Then the log-likelihood is
0(6;x) = 0(8) " T(x) — B(§) —log h(x),

so the chain rule gives the score as

Lo(0;0) = i(0) T(x) ~ BO)

Note that 5 B(6) = AM(6)) = X7_, 1(0) 5o-A(n) = i(0) T (VA()).
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8 DBayes Estimation
8.1 Recap: Lower bound for unbiased estimation
Last time, we talked about the score function

Ve(0;x),

where £(0; x) = log pg(x) is a log-likelihood. We saw some properties of the score function,
like
Eg[VL(0; x)] = 0.

The Fisher information was
J(0) = Varg(VL(0; z)) = — E[V2(6; z)].
If g(0) = Eg[6(X)] with g : RY — R, then
Vg(0) = Covy(§(X), VL(6; X)).

Combining this with Cauchy-Schwarz gives the Cramér-Rao lower bound

Var(500) > 4O° 44

with multivariate form
Varg(§(X)) > Vg(0) " J(0)'Vg(0), d>1.
This gives us a lower bound on how small we can make our risk with unbiased estimation.

Example 8.1. Let X ~ Binom(n, ). Consider two estimators do(x) = z/n and §;(X) =

ﬁ—ig. The second estimator weights the estimation more towards 1/2. How can we say that

one is better than the other?
To compare these estimators, we previously ruled out all unbiased estimators. However,
we can alternatively try to reduce the average risk.
8.2 Some problems with unbiased estimation
Unbiased estimation is not always desirable.

Example 8.2. Suppose X ~ Binom(50,6) and g(#) = Pyp(X > 25). The UMVU estimator
is

5(X) = :H-{X225}7

which is somewhat ridiculous because if we saw X = 25, we would assume this probability
is 1.
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Example 8.3. Suppose X ~ N4(0, 1), where we want to estimate ||@||3. The UMVU
estimator is || X |3 — d because

E[| X|3] = (613 + d.
This estimator can be < 0, while ||#]|3 cannot be. So we can always improve on the

estimator by instead considering (|| X||? — d)* instead.

8.3 Bayes estimation from a frequentist viewpoint

We have the model P = {Fy : 6 € Q} for the data X, a loss function L(6;d), and the risk
R(0;6) = Eg[L(6; 6(X))].
Definition 8.1. The Bayes risk is

RBayeS(A;é):/R(H;é) dA(0)
Q
[R(6;5())]
= E[L(6:3(X)),

where ©® ~ A and X | © = 0 ~ Py. This is the average-case risk, integrated with respect
to a measure A on (2, called the prior.

For now, we assume A() = 1. Later, we will allow for A(£2) = oo, which is called an
improper prior.

Definition 8.2. §(X) is a Bayes estimator if it minimizes Rpayes(A, 9).

This definition depends on P, A, and L. How do we find a Bayes estimator? Fortunately,
they are easy to find.

Theorem 8.1. Suppose © ~ A and X | © =6 ~ Py. Assume that L(0;d) > 0 for all 0,d
and that Rpayes(A; d0) < 0o for some do(X). Then

oa(z) € argminE[L(O;d) | X = x| for a.e. v <= 5(X) is Bayes.
d

So we split up the problem by solving it for any fixed .

Proof. (= ): Let ¢ be any other estimator. Then

Rpayes(A; 6) = E[L(©;6(X))]
E[E[L(©;4(X)) | X]]
E[E[L(©;6A(X)) | X]]
RBayes(A; 6A).

v
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In particular, d5 has finite Bayes risk because we could plug in gy for 9.
( <= ): By contradiction. Let E,(d) := E[L(©;d) | X = z]. Define

da(z) if 6p(x) € argmin F,(d)
8 (z) = < do(x) if E(dp(z)) < Ex(da(x))

d*(z) otherwise,
where E,(d*(x)) < Ez(da(z)). By construction, we have
E4(6"(X)) < Eg(d0(X))
a.s., 80 RBayes(A,0%) < 0o. We also have
E,(67(X)) < Ex (0 (X))
a.s., with < on a positive measure set. So
Rpayes(A, %) < Rpayes(3a (X)),

which is a contradiction. ]

8.4 Posterior distributions

Definition 8.3. The conditional distribution of © given X is called the posterior dis-
tribution.

Definition 8.4. When we have densities A(6) for a prior and the likelihood pg(x), then

the marginal density for X is

4(z) = /A A(O)po () du(0).

The posterior density is
A@)po(z)

A0 | x) = )

In this case, the Bayes estimator is given by

oA = argmin/ L(O; A0 | x) db.
d Q

Proposition 8.1. If L(6;d) = (g(0) — d)? is the squared error, then the Bayes estimator
is the posterior mean E[g(0O) | X]
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Proof.

E[(9(8) - 8(X))* | X] =E[(9(©) ~ E[g(©) | X] +E[g(©) | X] - 6(X))* | X]
= Var(g(©) | X) + (E[g(©) | X] - 6(X))*,

where the cross term is 0 because E[g(©) —E[g(©) | X] | X] = 0. This equals Var(g(©) | X)
if §(X) = E[g(©) | X]. O

Let’s now consider the weighted square error L(0;d) = w(#)(g(8)—d)?. For example,
we might take the relative error L(6;d) = (%54)2.

Proposition 8.2. For the weighted square error L(0;d) = w(0)(g(0) — d)?, the Bayes

estimator s
Elw(©)g(0) | X]

E[w(©)]

oa(X) = .
Example 8.4 (Beta-Binomial). Suppose X | © = 6 ~ Binom(n, §) = 6*(1—6)"*(7) with
prior © ~ Beta(a, 3) = 0*71(1 — 9)6_1%. Note that in X | © = 6, 6 is a parameter,
whereas in the prior, we are giving a distribution over values of . The posterior distribution
is

A(0)po(x)
q(z)

Since this will integrate to 1 in 6, we will ignore the quantities not related to 6.
xp 00711 — 0)P 1o (1 — o)
_ 9:r+a71(1 o 9)n71+a71

A0 | x) =

xp Beta(x + a,n —z + ).

So the posterior distribution is a different Beta distribution. Using what we know about
the Beta distribution, we have

X+ a

E® [ X]=. 75

The interpretation is that we have k = a 4+  “pseudo-trials” with a successes. We can

write
T n o a+f

n n+ta+pf a+f n+a+p
If n > a+ B, we can say “the data swamps the prior,” whereas for n < «+ 3, we can say
“the prior swamps the data.”

oa(z) =
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z—0)2/(202) 2

Example 8.5 (Normal mean). Suppose X | © = ~ N(,0?) ocp e , where o

is known. Take the prior © ~ N (u, 72) g e=(0=1)?/(27%)  The posterior is

x 1 6% /1 1
)\(9x)o<9exp<9<02—|—7_2)—2<02+7_2>).

2 2
o N x/o® 4+ p)T ’ 1 .
1/024+1/72"1/0% +1/72

After some algebra,

The posterior mean is

1/0? N 1/72
/o2 +1/72 'ul/UQ +1/7%’

E[O | X] = X

which is called a precision-weighted average.

These examples show that when calculating A(f | ), we should ignore the parts not
depending on # and try to recognize the resulting shape of the density as a distribution we
know already.
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9 Priors in Bayesian Estimation

9.1 Recap: Bayesian estimation

Last time, we introduced Bayes estimation, where we want to minimize the Bayes risk

Risayes (A 5) = /Q R(6; 5) dA(6)
— E[L(©:5(X))],

where © ~ A and X |© =60 ~ P.
The Bayes estimator 6, (z) minimizes

E[L(©;d) | X = 4]
in d. If we have a prior density A(6) and a likelihood pg(z), then we get the posterior

density
A(0)po(x)
AO | z) = ——F7—7—.
IO = oo da
Example 9.1 (Beta-Binomial). In this example, X | § ~ Binom(n,6) = (1 — 6)'~*(")

with the prior § ~ Beta(a, ) = 0 1(1 — H)B_IFIS(Cgi(Bf;). The posterior distribution is

A0 | ) g 07271 (1 —9)PL
x Beta(a+z—1,6+n—a—1)
It follows that
X +a
n+a+p

is the Bayes estimator for the squared error loss.

E[O | X] =

We also had a normal location family with a normal prior which gave us a normal
posterior, as well.

9.2 Conjugate priors

Definition 9.1. If the posterior is from the same family as the prior, we say the prior
(family) is conjugate to the likelihood.

Suppose X; | n S () = e”TT(x)_A(")h(x) fori=1,...n, withn € Z; C R*. For some
carrier density Ao(n), define the (s + 1)-parameter exponential family.

Mepue(1) = ekuTnka(n)*B(k’u,k)/\0(77).
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The sufficient statistic is [ } with natural parameter [ H ] If we take Ay, 1 as our

n
—A(n) k

prior, then

A | X1y, X)) oy et T mmRAM) X () HenTTm)—A(n)
=1

= exp (ke + nT(@)) T = (k +n) A(n) ) ()

X Aku—f—nf,k-i—n(n)'
Here is the interpretation:

1. Suppose we take the prior Ay, ; and observe Xi. Then the posterior is Aguqx, kt1-
2. Now observe X5 and update the posterior to get Ax,yx; x5 k2

3. ...

If we have a (possibly improper) prior A9 and make k+n observations with ), T'(X;) =
kp + s, this is the same as if we had the prior Ay, and observe n observations with
> T(X;) =s.

Example 9.2. Here is a list of some conjugate priors:

Likelihood ‘ Prior
Binom(n,0) | 6 ~ Beta(a, 3)
N(9,0%) 0~ N(u,7%)
Pois(0) 6 ~ Gamma(v, s)
People will say that the Beta, for example, is the conjugate prior to the Binomial.

There can be more than one conjugate prior, which we can get just by changing the carrier
distribution.

9.3 Types of priors

Bayesian estimation requires us to have a prior distribution we believe in. In what ways
do we do this?

1. Direct prior or parallel experience: We can estimate the prior from data. If
there is a broad agreement on the prior, corresponding to many observations, the
prior may be more meaningful. This gives rise to the following types of Bayesian
estimation:

— Hierarchical Bayes
— Empirical Bayes

2. Subjective beliefs:* Here, the prior represents epistemic uncertainty, and the pos-

4One may call this the “hardcore” Bayesian perspective.
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terior is uncertainty ex post, after observing data and rationally updating.

. Convenience prior: Generally, we have to calculate posteriors. If dim({2) is large,
the posterior is &~ 0 for most of 2. This can make it computationally difficult to
perform Bayesian estimation, so we might pick a prior which makes the calculation
easier, such as a conjugate prior.

. “Objective” prior: We may try to pick a prior which seems to not represent our
individual opinion.

Example 9.3. Suppose X; | ~ N(0,1) for i = 1,...,n. We could try to use a flat
prior: A(0) g 1. This prior is is not a probability distribution, but we can still use
it because it gives a valid posterior:

)‘(a)pG(CL’) Xg 6921- z;—nh2/2

The Bayes estimator is X. The posterior arises naturally as taking taking a limit of
priors: lim 2_, . N (0, 7).

The issue with a flat prior is that this is not invariant to reparameterization of the
model.

Example 9.4. Let X ~ Binom(n,©) with © ~ U[0, 1]. Then
P(© € [0.5,0.51]) = P(© € [0.0001,0.0101]) = 0.01.
If we let n = log %, then
P(© € [0.5,0.51]) ~ P(y € [0,0.01]),

while
P(© € [0.0001,0.0101]) = P(n € [log0.001,log 0.1]).

Jeffreys proposed using A(A) ocg |J(6)|'/2. This is called the Jeffreys prior, which

is invariant under reparameterization. However, the Jeffreys prior can have less of a
claim to being agnostic. In the normal case, the Jeffreys prior is the flat prior, but
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in the binomial case, the Jeffreys prior looks like this:

Remark 9.1. There has been some controversy about Bayesian vs frequentist statistics.
Historically, frequentist statisticians tend to give objections of the form “The object of
interest (such as the number of elephants in Africa®) is not actually random!” However, if
you flip a coin and don’t yet look at the result, even though the outcome is certain, there
is still epistemic uncertainty about the result.

The Bayesian perspective has the advantage (and disadvantage) of being able to ex-
press vague intuitions. Ultimately, making a decision in government may require different
statistics from writing a scientific paper. But subjective beliefs and intuitions can often be
incorrect.

A practical issue is that it is very difficult to express an opinion of a joint distribution
of many random variables.

®The elephants in Africa are just standing around, waiting to be counted.
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10 Hierarchical Bayes

10.1 Recap: Choosing priors and conjugate priors

We’ve been talking about Bayesian statistics and estimation. Last time, we talked about
4 ways to choose a prior:

1. Prior or parallel experience

2. Subjective beliefs

3. Convenience prior

4. Objective prior (flat or Jeffreys)

We also gave examples of conjugate priors, where the posterior, A(6 | z), comes from the
same family as the prior, A(6).

Example 10.1. If © ~ Beta(a, ) and X | © ~ Binom(n, ), then © | X ~ Beta(a +
X,n+n — X). The Bayes estimator for the mean squared loss is

a+ X

EOX] = o ras s

10.2 Advantages and disadvantages of the Bayes approach

Here are some advantages of the Bayes approach to statistics.

1. Appealing frequentist properties: We will show later that Bayes estimators are
always admissible. They also minimize average case loss.

2. Estimator defined straightforwardly: Compared to something like UMV U esti-
mators, Bayes estimators are much easier to determine. We will see later that it is
hard in general to find minimax estimators.

3. Detailed output: The posterior distribution gives a lot of information (although
there is danger of overestimating the value of our posterior).

Here are some disadvantages.

1. Difficult to choose prior: There are many ways to choose a prior, and none of
them is always better than the others.

2. Calculations can be hard: There is a significant amount of research on how to do
the calculations for Bayesian statistics.

3. Have to have opinions about everything: If we don’t have a parametric model,
it may not make sense to come up with a prior.

49



10.3 Hierarchical Bayes and graphical models

What if we want to solve a number of parallel problems at the same time?

Example 10.2. Suppose we want to predict a baseball batter’s “true” batting average 6
from n at bats. Let X denote the number of hits, with X ~ Binom(n, ). The UMVU
estimator is X/n. Most batting averages are between 10% and 30%, so if we observe X =4
hits out of n = 5, we want to make sure we are not overestimating the player’s batting
average. We could use the convenience prior Beta(c, 3), which requires us to pick «, f.
How should we determine these values? The idea is that we should pool information across
players 1,...,m.

Here, o, ~ A(a,8) are hyperparameters, which govern the distribution of the
parameters. Then 0 | a, 8 i Beta(a, 8), and X; | 0, a, B nd Binom(n;, 6;).
Let’s write this model in a graphical form:

G‘ru Li¢~‘ p’m/‘.‘ *ramck’*
T e Wweer £

This is called a directed graphical model. The graph above is a directed, acyclic graph,

and it tells us how the joint density of these 2m + 2 random variables factorizes. If we have
a graph (V, E), then the joint density factorizes as

P21, 2m) = [ [ pilzi | Palz)),  Pa(z) = (2 : (j = i) € E).
=1
For our model,

p(a757617~" 7077171.17- ..,.Z'm) - )‘(a76)Hp9(91 | O‘?B)pz(x’b ’ 91)
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10.4 Markov Chain Monte Carlo
This brings us to the idea of Markov Chain Monte Carlo (MCMC): The posterior

distribution is
N0 o) = @O
fQ pC(‘T))‘(C) dC7
where this integral is a high-dimensional integral (which may be difficult to calculate). An
extremely successful computational strategy® is to set up a Markov chain whose stationary
distribution is proportional to the numerator and then run the Markov chain for a long
time to get samples from this distribution.

Definition 10.1. A (stationary) Markov chain with transition kernel Q(y | ) and initial
distribution my(z) is a sequence of random variables X ©, x® x@ . such that

XO ~m(z), XUV xO o x® Q] xO).
We can think of this as
Qy| z) =X =y | XU = ).

This is an example of a directed graphical model:

O—@— ©®—

The marginal probability of X is
P(XV = y) = / P(XW =y | XO = 2)mo(a) dpu(a) (for discrete random variables)
X

=/Qmmmwwm.
X

Definition 10.2. If
7o) = | Qo)) dufa),
we say that 7 is stationary for the kernel Q.

A sufficient condition for 7 to be stationary is detailed balance:

m(@)Qy | z) =7(y)Q(z |y)  Va,y.

Proposition 10.1. Detailed balance implies stationarity.

5This changed the general view of Bayesian statistics in the 90s.
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Proof. If we have detailed balance,

/lew ):ﬂy)/mey)du(m)

=n(y)Q(zly)

=(y). O
Theorem 10.1. If a Markov chain with stationary distribution w is
1. Irreducible (for any x,y, it is possible to eventually get from x to y),

2. Aperiodic (the greatest common divisor of all the possible number of steps for any x
to get back to itself is 1),

then dist(X®) LN regardless of the initial distribution.

10.5 The Gibbs Sampler

Suppose we have a generic parameter vector § = (61,...,04) and data X. Here is the
algorithm:

Initialize 8 = 0(©)

Fort=1,...,T,

For j=1,....,d,
Sample 6; ~ A(0; | 6\ ;, X).
Record A1) = 6.

Here are two variations on how we might do the inner loop:
1. Update a random coordinate J®) ~ U{1,...,d}.
2. Update all coordinates in a random order.

Why is this a good algorithm? If we have a directed acyclic graph, then

9’9\] OCGPH‘HPa(j Hpe‘ePaz
i€Pa(j)

In our example, §; ~ Beta(a + Xj,n + a + ) is easy to sample. The o and 3 will be
different every time we sample.

Check that the inner loops satisfies detailed balance, so the posterior distribution of
the inner loop is the stationary distribution. This will give us the stationary distribution
from the whole algorithm.
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In practice, there can be issues:

©) ©
© A
93 9,‘ e’
GooD (7) RaAD Not
(3
Can be. Je,pe;\leﬂl " KE4T
Eﬁlﬂ. Pﬂf L'Mo‘l"l f’skﬂ’a, A ~ ._ v\
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11 Hierarchical Bayesian Models and the James-Stein Esti-
mator

11.1 Examples of hierarchical Bayesian models

Last time we talked about hierarchical Bayes models

C;d,‘_h o per_pemet

/
[ -
&) @

Example 11.1. In our baseball model last time, we had the hyperparameters «, 8 with
O | a, f ~ Beta(e, 8) and X; | ©; ~ Binom(n;, ©;).

&—®
@

This was a directed graphical model with

m

PO, 01, Oy, ) = p(y) [[ 2(6: | V)p(zi | 6:).
=1

We also discussed Markov chains with kernels Q(y | ); these had a stationary distri-
bution 7 which satisfies 7(y) = [ Q(y | )7 (z) dz. A sufficient (but stronger) condition is
detailed balance, which requires that 7(z)Q(y | ) = 7(y)Q(z | y) for all z,y.

One particularly useful algorithm for sampling in hierarchical models is the Gibbs
sampler, where we hold all the 6; fixed except for one at a time and iteratively update our
0;s as we go. Here is an example of where things can go wrong with the Gibbs sampler.

Example 11.2. Let @1,@213511\7(0 1) and X; |@um(41]\7(@1+®2, 1)fori=1,...,n. If we
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do this, for large n, we will get a very highly correlated posterior distribution:

If we reparameterize the problem with 51 = 61 + 0 and 72 = 01 — 65, the parameters are
much less dependent, so the Gibbs sampler will work better

AN

Another issue would be when we have a bimodal distribution with the two modes having
disjoint supports. Then the Gibbs sampler will not be able to jump from 1 of these modes

to the other. B
r>n=

> ™ R , ~ =
This can be a general problem with MCMC.

Example 11.3 (Gaussian hierarchical model). Here is a Gaussian hierarchical model. Let

72 ~ X7?) (e.g. 1/72 ~ Gamma), ©; | 72 S N(0,72), and X; | 72,0; i N(©;,1) for

55



1 =1,...,d. The posterior mean is

E[©; | X] =E[E[©; | X,77] | X]

-2
=K X; | X
[7‘24—1 il }

-2
— (| x]|)x,
1472

-~

1-E[¢]X]

_1
1472

If we marginalize out ©, we get X; | 72 iy N(0,1 + 72). If we think of this as just a
problem of estimating 72, the sufficient statistic is

where ( = We can think of this as an optimal shrinkage factor.

IXII? 5 1472,
d | d Xd
=(1 +72,2(1 —i—7'2)2/d),

where this notation means it is some distribution with mean 1472 and variance 2(1+72)2/d.

||XH2 -1 ival 1 _ _d
7 or, equivalently, near ( = BSE

The likelihood for 72 has a sharp peak near 72 =
(for large d).
For any reasonably open-minded prior (not prior 3 in the below figure), E[¢ | X] ~ i )?”2 .

=~ .
& \;\Le\}'\"l Frioc <

Jpr.'of 1

> el

d
E[©; | X] ~ <1 — ) X;.
' X2,

The moral is that if the prior doesn’t matter so much, we can just try to estimate (
directly from the data. This motivates the idea of empirical Bayes models: Write down
a hierarchical model and just try to estimate a parameter like ( using the data. In this
way, we don’t need to use the Gibbs sampler.
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11.2 The James-Stein estimator

Empirical Bayes is a hybrid approach in which we treat the hyperparameters as fixed and
treat the paramters as random.

Example 11.4. Think of 72 (or of ¢) as a fixed parameter, so we have X; by N(0,1+72)
and || X||2 ~ (1 +7%)x3. Then the UMVU estimator for 72 is

X|? ~ 1 d
72 = HdH — 1, which gives (

T 1t X

This is not great because it can be negative. What if we took the UMVUE for {? Then
we get the James-Stein estimator.

James and Stein proposed that for d > 3,

s = (1- 15 ) .

The interpretation is that ﬁ){;”% is the UMVU estimator for (:

Proposition 11.1. If Y ~ x3 = Gamma(d/2,2) with d > 3, then E[1/Y] = ﬁ.
Proof.

% 1 1
El=| = - - dj2-1 7y/2d
M / yairrae)? Y

_ 2(4-221((d - 2)/2) /OO 1 Yd=2)/2-1-u/2 g
24/2T1(d/2) o 20@=2)/21(d/2)
_l_ 1
2 (d—2)/2
1
=T 5 O
Using the proposition,
X0, ~_d-2

xd:>clE[ . }zdl — o=

172" X2 —2 X2

But the James-Stein estimator is more interesting than just this. Going back to a non-
Bayesian model, suppose X; ~ N(6;,1) with § € R, Then for d > 3, X is inadmissible as
an estimator of # for the MSE. Say we have n observations:
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iid Nd(9,02[d) for i = 1,...,n with known

(d—2)0?/n\ =
015 = (1 e )t
MSE(6, 635) < MSE(8, X)

Proposition 11.2 (James-Stein”). Let X;
02> 0. For

for all 6 € R?,

This says that if we have a bunch of unrelated experiments and we pool the observations
together, we can get a better estimator for all of them by combining our observations.

Remark 11.1. We don’t need to shrink around 0. For any 6y € R?,

d—2
(X)) =00+ (1 — HX—90H2> (X — )

renders X itself inadmissible for the mean squared error.

Next time, we will prove this result using Stein’s lemma.

"This shocking result came out in the 50s, and no one was prepared for it.
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12 Analysis of the James-Stein Estimator

12.1 Recap: introduction of the James-Stein estimator

Last time, we discussed the Bayesian model with prior ©; N (0,7%) and X; | © i
N(©;,1). This gave E[O; | X] = (1 — {)X;, where ¢ = H% The Hierarchical Bayes
approach was to put a prior on (, so the posterior mean is

E©; | X] = (1 -E[¢ [ X])Xi.

The Empirical Bayes approach was to estimate ¢ by an estimator {(X) to get the pos-
terior mean R R
El0: | X] = (1- )X,

This brought us to the James-Stein estimator

d— 2
§5(X) = (1 - ) X;.
& BSE

This estimator dominates 6(X) = X, even in the Gaussian sequence model with no
Bayesian assumption. In particular,

MSE(6;635) < MSE(9; X) V0 € R%.

12.2 Linear shrinkage without Bayes assumptions

Suppose X; id N(6;,1) with fixed 6y, ...,0; € R. Consider the estimator 6(X) = (1-()X
for a fixed parameter (. Then

MSE(6; 6¢) = ¢*[10]1* + (1 - ¢)%d
Take the derivative over ( to optimize:

d

0= ¢ MSE(9:8) = 2¢[6]> ~ 2(1 - )

Solving this gives (* = W. Notice that this is always positive, so the optimal shrinkage
is never 0. We can’t use this value of ( because it depends on 6. However, the James-Stein
estimator is basically an adaptive (.

What if we try to estimate ||| by using || X||?? We have || X||* = éZ?:l X2, where
each term has mean 67 + 1 and variance 2 + 467. So

d

d ’ d?
This is nice because

mean ST d+ 02

standard deviation 5 d/2 4+ 10]1? d—oo 0

)

so this should exhibit concentration about the mean for large d.
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12.3 Stein’s lemma

Theorem 12.1 (Stein’s lemma, univariate). Suppose X ~ N(0, 02), and let h : R — R be
differentiable with E[|h(X)|] < co. Then

E[(X = 0)h(X)] = o® E[M(X)].
Proof. Assume without loss of generality that h(0) = 0. First assume § = 0 and 02 = 1
for simplicity. Note that
00 0
E[Xh(X)] —/ zh(x)é(x) dz +/ xh(z)p(x) dx.
0 —0o0

Dealing with these separately,

et ao= [Ta | [ ar] oo

0
= / / h(y)d(2)Liy<qy da dy
0 0

_ / () { /y ~ () dx] dy

: d d 22 .2
Using the fact that d—i = %\/%76 v°/2 = —m\/%—ﬂe v7/2 = —zo(x),

:AWMwwmmL

Similarly,

0 0
l/xmwmwzﬁfwmw@

Putting these two together gives

e} o0

BXH(X)] = [ ah(e)o(w)de = [ hly)o(w) dy = E(X))
For a general 6,02, write X = 0 + 0Z, where Z ~ N(0,1). Then
E[(X — 0)h(X)] = c E[Zh(0 + 0 Z)]
Applying the result for g(Z) = h(6 + 0Z) and using the chain rule,
= o Eloh(8 + 02))]
= o2 E[h(X)]. O

We want to extend this to the multivariate case. Here is what we replace h with:

60



Definition 12.1. If h : R — R?, then the derivative is the matrix Dh € R4*? given by

Oh;
oz, (x).

[Dh(2)]ij =

Definition 12.2. The Frobenius norm of a matrix A € R%*4 ig

1/2

1Al = | > A3
ihj

Theorem 12.2 (Stein’s lemma, multivariate). Suppose X ~ Ng(0,0%14) with 6 € R, and
let h: R? — R? be differentiable with E[|Dh||r] < co. Then

E[(X — 6) h(X)] = 6? E[tr(Dh(X))] = o2 ZE BZ (X)] .

Proof. The i-th term on the left hand side is
E[(X; — 0;)hi(X)] = E[E[(X; — 0:)hi(X) | X\4]]

Conditionally on X\;, X; ~ N(0;, 0?), and h;(X) is just a function of X;. So we can apply
the univariate lemma.

(2

=o’R [Gxi (X)] :

Now sum over ¢ on both sides to get the result. ]

) [GQE BZ"’ (X) | X\,H

Remark 12.1. This differentiability condition can be relaxed somewhat.

12.4 Stein’s unbiased risk estimator (SURE)

For our estimator 6(X), apply Stein’s lemma on h(X) = X — §(X). Assuming 02 > 0 is
known,

MSE(6;8) = E[[| X — 0 — h(X)]?]
= Eg[| X — 0||*] + Eo[[|1(X)||”] = 2E4[(X — ) "h(X)]
Since 2(X — 6) ~ 2,
= o?d + Eg[||h(X)]|?] — 202 Eg[tr(Dh(X))].

So we get the estimator

R =c2d + ||h(X)|]> = 20% tr(Dh(X)).
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Example 12.1. If we take 6(X) = X, then h(X) =0, so Dh(X) = 0. In this case, we get
R=do* V0.
Example 12.2. Now look at 6:(X) = (1 — ()X, and let h(X) = (X, so Dh(X) = (lj.

Then R
R =%+ | X|?* - 20%Cd.

12.5 MSE of the James-Stein estimator
We will take 02 = 1 for simplicity. We have

d—2
a8(X) = (1 - > X,
X2
>0 d—2
hX)=———X.
X2
Then ( )2 ( )2
d—2 d—2
)2 = G2 = @27
X B3k
and ohi 0 d I1X|J2 = 2X2
; ) _2X:
= S = (d-2)
oz~ 0w e = T TR

Summing over i tells us that

dl| X|* — 2| X|* _ (d—2)?

tr(Dh(X)) = (d — 2)

X4 (N
So Stein’s unbiased risk estimator is
= (d—2)* _(d—2)? (d—2)°
R=d+ -2 =d— —=—.
X1 | X112 X1
The risk for the James-Stein estimator is
MSE(6; 6;5) = E[R]
(d— 2)2]
_d-E [
1|2

o\2
_ MSE(6; X) — E [(CIZIXIIQQ)] |

This term on the right is the improvement over X.
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If =0,
MSE(#;d35) =d — (d — 2) = 2.

This is a huge improvement for large d! On the other hand, if ||| — oo, then

-2

Remark 12.2. The James-Stein estimator is inadmissible. Here is an estimator that is

better: g
Si54 = (1 - _> X
1X112/

This is also inadmissible because of a “smoothed out” version of this estimator.

Remark 12.3. Here is a more practically useful estimator (when d > 4) when we have a
lot of samples that estimate similar 6;:

d—3

X — X14]

) (X — X1g),

where X estimates the average value of 6.

Remark 12.4. Should we use the James-Stein estimator in practice?® It improves the
average risk of the combined problem, but it does not improve the risk of each coordinate
individually. So we may not be able to improve our estimation problem by including others’
data. If we know more information about each model, it also may not be a good idea to
treat them all the same.

8Should we go knocking on all the doors of everyone in Berkeley, asking for their samples?
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13 Minimax Estimation

13.1 Bayes risk

If we have a model P = {Py : § € O}, then we have a few main ideas for choosing an
estimator:

1. Constrain the choice of estimator, e.g. unbiased estimation
2. Minimize average-case risk, i.e. Bayes estimation.

In Bayes estimation, we have a prior A with A(©) =1 (here, O is the parameter space).
The Bayes estimator (if it exists) minimizes

R(0;0) = E[L(6;6(X))].
Definition 13.1. The Bayes risk for the problem A, P is
A = i%f/R(O, 9) dA(6).

Example 13.1 (HW 6 Problem 1(c), n=2). In this example, there are only two possible
values of 6, 0; and #2. Then we can plot 7(§) = (R(61;0), R(02;9)).

This is a convex set. The Bayes estimators are the ones on the frontier of this set, the
points where the box to the lower left of the point is not in the set. Each vector A which
is normal to this boundary corresponds to a prior.

13.2 Minimax risk, minimax estimators, and least favorable priors

The idea of the minimax risk is to minimize

minsup R(6;9).
)
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Definition 13.2. The minimal achievable sup-risk is called the minimax risk,

r* = inf sup R(0, ),
o 0

of the problem. An estimator ¢* is minimax if it achieves

sup R(0,0%) = r*.
0

There is a game theoretic interpretation: Imagine we pick our ¢ first, and then nature
tries to maximize the risk (i.e. choosing 6 adversarially). The interpretation of Bayes
estimation is that nature picks @ (via a prior), and then we try to minimize the risk.

For any proper prior A, the Bayes risk is

A = irélf/R(G;é) dA(0)
< inf sup R(6;9)
5 9
="

Here is the strategy that nature will pick if it can go first.

Definition 13.3. The least favorable (LF) prior is the prior distribution A* that gives
the best lower bound:
TA* = SUPTA.

We know that
sup R(6;0) > r* > ra« >rp
0

for any prior A. We hope that we can find a prior and an estimator that collapse all these
inequalities into equalities.

Theorem 13.1. If rp = supg R(0;9p), where 05 is Bayes for A, then
(a) dp is minimaz.

(b) If 65 is the unique Bayes estimator (up to a.s. equality) for A, then dp is the unique
minimaz estimator.

(c) A is the least favorable prior.

Proof.
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(a) For any other ¢,

sup R(0;0) > /R(G;é) dA(0)
0

> / R(6:6) dA(6) ()

:TA
= sup R(0;d4).
G

(b) Replace > with > in the step ().

(c) If A is any other prior, then
~ = inf 0;0) dA
T3 1161 /R( ;0)

< / R(0;64) dA
< sup R(0;04)
0

=TA.
Here are sufficient conditions for a minimax estimator:
1. ¢ is a Bayes estimator whose risk function is constant.
2. 0 is a Bayes estimator with 1 = A({6 : R(0;6x) = max¢ R((;04)}).
N ST TR )Y )

N

g N

\(9\
N\

AN

— ' R4
5P ()
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In our picture of Bayes estimation, a 45 degree line denotes the points corresponding to
estimators with constant risk. The least favorable prior is the corresponding normal vector
at the point where this line reaches the boundary of possible risks.

Example 13.2 (Binomial). Suppose X ~ Binom(n, §) with 6 € [0, 1]. We want to estimate
0 using the MSE for our risk. Try 6 ~ Beta(a, 3), so the Bayes estimator will be

a+ X
a+pB+n

a+ X 2
(a+ﬂ+n_8> ]

g [(+ B)? — n]6* + [n — 2a(a + B)]6 + o2

ba,p(X) =

Then the Bayes risk is

MSE(0; 6,.5) = Eg

To get a minimax estimator, we want to pick o and 8 to make this constant in . So we
set (o + )% =n and 2a(a + B) = n and get a = 8 = /n/2. So Beta(y/n/2,/n/2) is the
least favorable prior.

This is not such a great estimator, however, since it put a lot of weight around 1/2. So
the pessimistic perspective of minimax estimation can lead us astray for some values of 6.

13.3 Least favorable sequences of priors

Example 13.3. Suppose X ~ N(6,1), and we are estimating # with the MSE risk. To find
the least favorable prior, we would want a flat prior, but this does not give a probability
distribution. So we can take, say, A,, = N(0,n) as a sequence of priors.

Definition 13.4. As sequence Aq, Ag,... of priors is least favorable if 7y, — sup, ra.
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Theorem 13.2. Suppose A1, Ao, ... is any sequence of priors, and suppose § satisfies

sup R(6;0) = limry,,.
0 n

Then

(a) & is minimaz.

(b) A1, A, ... is least favorable.
Proof.

(a) Suppose ¢ is another estimator. Then for all n,

sup R(6;0) > /R(@;g) dA,
0
> TA

n*

Then

sup R(6;0) > limry, = sup R(0;9).
0 n 0
(b) If A is a prior, then
ra < / R(6:5) dA
< sup R(6;9)
(C]
=limry,,.

So we get
limry, =supra. O
n A

Remark 13.1. If we find the Bayes risk, then we get a lower bound on the minimax risk,
and if we provide an estimator, we can get an upper bound on the minimax risk. If these
are close, this gives a good estimate of the hardness of a problem.

This is not a very useful measure if your parameter space has some bad corner which
you never encounter in practice.

13.4 Bayes estimation example: the Gaussian sequence model

Here is an example of Bayes estimation we did not have time to cover before:
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Example 13.4 (Gaussian sequence model). Suppose X ~ Ny(6, I;) for € R%. Then the
Jeffreys prior on @ is flat. The objective Bayes estimator for © is X because the posterior
distribution is ,
A0 | X) ocg po(X) ocg e X012 oy Ny(X, 1)
What about p? = ||©]|?? Since ©; ~ N(X;,1), E[0? | X;] =1+ X2, so
p? =E[O] | X] =d+ | X|*
The UMVU estimator is pAQUMVU = || X||? — d because
Eq[|| X[?] = d + [|6]I*.

Finally, we have the MLE

- 2

p*uce = 1 X|1°

Which one of these estimators is the best? The UMV U estimator is inadmissible because

it is negative, but we may not want to rule it out. These all have the same variance, d,
and the UMVU estimator has no bias. This serves as a cautionary tale about constructing
objective priors. Suppose we took the prior © ~ N(0,n), so p? ~ nxﬁ. Then picking an
“objective prior” may not produce a good result. In this case, A(p?) o 2 (p?)d=1/2,

J P
\(, f‘)

> P

69



14 Introduction to Hypothesis Testing

14.1 Null and alternative hypotheses

Suppose we have a model F = {Py : § € ©} with data X ~ Py, and we want to distinguish
between two submodels, the null hypothesis Hy : § € Oy C O, and the alternative
hypothesis H; : § € ©1. If unspecified, ©; = © \ O.

There is an asymmetry here, where Hy is considered the “default assumption.” We
either

1. reject Hy (conclude 6 ¢ Oy)
2. fail to reject? Hy (no definite conclusion).
Example 14.1. If X ~ N(6,1), here are common hypothesis tests:
e Hy:0=0vs H :0>0.
e Hy:0=0vs Hy:0#0.
e Hy: |0 <6 vs not.
We can also consider nonparametric tests.

Example 14.2. Let X;,..., X, % P and Yi,...,Tn % We can consider the hypothesis

test
Hy: P=Q, Hy:P+#Q.
14.2 The power function of a hypothesis test

How can we tell how good our hypothesis test is? We can formally describe a test by its
critical function.

Definition 14.1. The critical function (or test function) of a hypothesis test is

0 fail to reject Hy
¢(x) = ¢ me (0,1) reject with probability 7
1 reject Hy

The power function tells us how good the test is.
Definition 14.2. The power function of a hypothesis test is

Bs(0) = Eglo(z)] = Po(Reject Hyp).

9We might slip up and say “accept” the null, but really what we are doing is failing to reject the null.
Don’t say “accept” around non-statisticians.
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Definition 14.3. For nonrandomized ¢, the rejection region is
R={z:¢(zx) =1},

and the acceptance region is
A=X\R.

So the power function is Py(X € R). We want the power to be large on the alternative
hypothesis and small on the null hypothesis. Usually, people refer to the power under the
alternative hypothesis, so you want more power for your test.

Definition 14.4. The significance level of ¢ is

sup Bg(0).
[ASSH

We'll say ¢ is a level-a test if its significance level is < a.
The ubiquitous choice is o = 0.05.1°

Example 14.3. Let X ~ N(0,1), where we are testing Hy : § = 0 vs Hy : § # 0. Let
2z, = ®71(1 — @), where ® denotes the normal CDF. The usual 2-sided test is

$2(X) = L{X|>2, 0}

We could also do a 1-sided test
$1(X) = L{x>2,)

Both of these are valid hypothesis tests at level «; the 1-sided test has lower power for
0 < 0. We could also try any number of hypothesis tests, such as

¢3(X) - ]l{a:<fza/3 or X>254/3}
We can plot the power of these tests against 6:
\ g(e\

. — - —

> O

10This is probably ubiquitous because when Fisher came up with the idea of hypothesis testing, he said
that he sometimes likes to use the value 0.05. This is probably this most influential offhand remark in the
history of science.
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Can we tell which hypothesis test is the best? In some situations, there is a best test.

Example 14.4. Let X ~ (0,1) with Hy: 0 <0 vs Hy : § > 0. Then the test ¢; is the best
possible test (called uniformly most powerful). We will discuss this in detail next time.

So 1-sided tests have a best test. We’ll start simple and work our way up to more
complicated tests.

Definition 14.5. A simple hypothesis is a singleton. A composite hypothesis is one
that isn’t simple.

14.3 Likelihood ratio tests and the Neyman-Pearson lemma

Suppose we test Hy : 0 = 0y vs Hy : 0 = 0;. Without loss og generality, we may assume
0o = 0 and 6; = 1. Without loss of generality, assume Py and P; have densities pg, pp (which

we may do because Py and P; are both absolutely continuous with respect to Py + P)).
p1(x)
po(z)”

The optimal test rejects for large values of

Definition 14.6. The likelihood ratio test (LRT) is of the form

where ¢,~y are chosen so Pg(Reject) = a.

We will prove that this is the best test, but first, here is some intuition. The power
under the alternative hypothesis H; is

/ p1(z) dp(z),
R

and the significance level is
/po(:z:) du(z).
R

We want to maximize the first integral subject to constraint that the second integral equals
«. Think of the first integral as the bang, and the second integral as the buck; you want to
get the most bang for your buck. If you think about wanting to buy flour from the grocery
store with a fixed budget, you’ll try to buy bags of flour with the lowest cost per unit until
you run out of money. Here, the cost per unit is 2 ;g;, and the ~ corresponds to the little
bit of change you have left over, which you use to buy a fractional bag of flour.

To carry out the proof that the likelihood ratio test is the best test, we would like to
use Lagrange multipliers. Since this is over infinitely many parameters, here is a lemma

which lets us carry out this optimization.
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Proposition 14.1 (12.1 in Keener). Suppose ¢ > 0 and ¢* mazimizes

E1[(X)] — cEolo(X)]

among all critical functions. If Eo[¢(X)] = «, then ¢* mazimizes E1[¢p(X)] among all
level-a tests ¢.

Proof. Suppose Ey[¢p(X)] < o. Then

O]

Theorem 14.1 (Neyman-Pearson'!). The likelihood ratio test wit h signigicance level = «
is optimal for testing Hy : X ~ Py vs Hi : X ~ P; (mazimizes E1[¢p(X)] such that
Eo[®(X)] < a).

Proof. We want to maximize the Lagrangian
L(¢;c) :=Er[p(X)] — cEo[p(X)]
= [ (@) = emn(@)ota) du(a)

— [ m-anloda= [ - emlodn
{p1>cpo} p1<cpo

To maximize L£(¢;c), set

if p(@)
o) = {1 if Z‘fg% >c

e P
0 lfm<c.

Choose the minimum value of ¢ such that

P, <pl(X) > c> <a<P <pl(X) > :c) :

Po Po
and choose v to “top up” the significance level to a:

P, <pl(X) > c> + 9Py <§;(1](X) = c> = a. O

bo

" This important theorem is often referred to as a lemma.
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Here’s a picture of how we can pick ¢, and ~, for ¢*:

Wo(‘é;?o) | ‘/L\

li
x, L --—- ﬂp' )
. (-] o
7;
\
<, T —-———':-' “"'j I/
Ve e e -0—
K 4--— —=- =— -7 {
3 ' ! I
[ . ' o\
4 “( I| t >
<\ . C-‘ Cc‘.,‘ ok “'°°)
]iﬁ-(o,l) =9

Corollary 14.1 (12.4 in Keener). progpl and ¢ is the LRT with level o € (0,1), then
E1[p(X)] > o

Proof. We have u({p1 > po}), u({po > p1}) > 0. We split into a few cases:
c > 1: We split

BBl = [ n-pldu— [ o mlods
{p1/po>1} {p1/po<1}
> 0.
¢ < 1: This case is similar. O

Example 14.5. Suppose we have a 1-parameter exponential famil X ~ p,(z) = el T (@) =Aw),
Test the null hypothesis Hg : 7 = 19 vs the alternative Hy : n = 11 > n9. The likelihood
ratio is
pi(x) emT(z)—A(n)
po(z)  emT@—Awm)
— em=—m0)T(z)—(A(m)—A(m0))

So the LRT should be to reject when this is large. Since this is a monotone function in
T'(z), this is the same as saying we reject when T'(z) is large. So we can say the test is



where we choose ¢, to make
Py (T(X) > ¢) + 7P (T(X) = ¢) = o

Notice that 7; is nowhere to be found. So this exact test is the best against any alternative
71, as long as 11 > ng. So the best test only depends on the direction of the alternative.

Next time, we will discuss more situations like this, where we have best tests against
any alternative in a range of alternatives.
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15 One-Sided and Two-Sided Tests

15.1 Recap: Basics of hypothesis testing

Last time, we introduced hypothesis testing, where we have a model P = {Py : § € ©} and
want to distinguish between Hy : 0 € © and H; : § € © (usually, ©1 = © \ ©g). The tests
were described by a critical function ¢ : X — [0, 1] given by

1 reject
¢(x) = m flip a (biased) coin
0 fail to accept.
We defined the rejection region R = {z : ¢(z) = 1} (ignoring randomization), the power
function £,(0) = Eg[¢(X)] = Pg(Reject Hp), and the significance level supycg, 5(0)-

Our goal is to obtain the maximum power for 8 € O1, relative to the constraint that
the significance level is at «. There are two types of errors in this setting:

Definition 15.1. A Type I error is rejecting the null hypothesis when Hy is true. A
Type II error is failing to reject the null hypothesis when Hj is true.

We introduced the Likelihood Ratio Test (LRT) in the case of a simple null Hy :
0 = 0y vs a simple alternative hypothesis H; : 6 = 6;. This test is given by

1
p @) =17 B()=c
0

where we choose ¢,y such that Ey[¢(X)] = a. There is a bit of ambiguity because any test
of the form (for ¢ > 0)

1 Bz)>c
bo

¢*(z) = < anything Bl)=c
P

0 Bla)<e

maximizes Ei[¢(X)] — ¢Eo[¢p(X)] = [(p1 — cpo) dps, as long as we keep the constraint that
the significance level is a.

Last time, we had a proposition that said that any test of this form maximizes E; [¢(X)]
subject to Eg[¢(X)] = a =: E1[¢*]. A corollary to this

Example 15.1. If X ~ p,(z) = " @) =AMp(z) is an exponential family with Hy : 1 = 1o
and Hg : n =mn1 > no, then the LRT gave

LR(X) = em=m)T(X)=(An)=A(m))
which was monotone in 7'(X). So we saw that the LRT was dependent only on 7'(X) and

not on the particular value of 7;. So the same exact test is the best for all alternative
hypotheses of this form.
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15.2 Uniformly most powerful (UMP) tests

Definition 15.2. If ¢*(X) has significance level a, and for any other level-a test ¢,
Eolo*(X)] > Bol6(X)] Vo€ Oy,

we say that ¢* is uniformly most powerful (UMP).

Definition 15.3. A model P is identifiable if 01 # 0y = Py, # Pp,.

This is just saying that the different values of # actually mean different things in our
model.

Definition 15.4. Assume P = {Fy : § € © C R} is identifiable and has densities py for Py
with respect to p. We say P has monotone likelihood ratios (MLR) in T'(x) if %(w)
1

is a nondecreasing function of T'(z) for all 6 > 6.

Remark 15.1. This is different from 7'(X) being stochastically increasing in 6, which
says that Pp(T(X) > ¢) is increasing in 6. This condition is enough to construct a valid
one-sided test that rejects when T is large, but it will not necessarily be uniformly most
powerful.

Theorem 15.1. Assume P has MLR in T(x), and test Hy: 0 < 6y vs Hy : 0 > 0y. Let let
¢*(x) reject for large T'(x), where ¢,y are chosen so Eg,[¢*(X)] = a.

(a) ¢* is a UMP level-« test.

(b) By-(0) = Egl¢*(X)] is non-decreasing in 6 and strictly increasing if Eg[¢*(X)] €
(0,1).

(c) If 61 < 6o, ¢* minimizes Eg, [¢p(X)] among all tests ¢ with power = o at 6.

o




Proof.

(b): if 61 < 62, then %(m) is nondecreasing i nT'(X). So ¢* is a LRT for Hy : 0 = 61 vs
1

Hy : 0 = 60y (at level a := Eg, [¢*(X)]). Then the corollary from last time says that
Eg, [d)* (X)] > a = Ey, [¢* (X)]

(a): If 0 > 6y, then ¢* is the LRT for Hy: 0 = 6y vs Hy : 0 = 6.

(c): If 61 < 6y, assume Eg, [6(X)] = . Then both 1 — ¢* and 1 — ¢ are level 1 — «
tests of Hy : 0 = 6y vs Hy : 6 = 61. But 1 — ¢* is the LRT for this test. Indeed,
%(az) = [%(az)]_l is decreasing in T, and 1 — ¢* rejects for small 7'(X). So ¢*
maximizes Eg, [1 — ¢] scuh that Eg,[1 —¢] <1 —a. O

15.3 Two-sided tests

What about two-sided alternative hypotheses? Suppose P = {Fy : § € © C R} with
0y € O, where want to test Hy : @ = 6y vs Hy : 0 # 6y (this can be generalized to
H() 10 € [91,92]).

Definition 15.5. T'(X) is stochastically increasing in 6 if Py(7T(X) < t) is nonincreas-
ing in 6 for all t.

Assume T'(X) is a stochastically increasing summary test statistic.

Example 15.2. For example, this applies to X; i po(x — 0) where T'(X) is the sample
mean or median.

Example 15.3. This also applies to X; Y +p1(z/0) where T(X) = 3, X2.
Definition 15.6. The two-tailed test rejects when 7T'(X) is extreme in any direction:
1 T(x)<corT(x)>co

P(x) =40 T(X) € (c1,c2)
vi T(x)=c¢i=1,2.

In this setting, we will not usually be able to get a UMP test. We usually have a
tradeoff between allocating our type I error to values where @ is large or values where 0 is
small. Let

a =Py, (T(X) < ¢1) + MB(T(X) = ¢1)
g = ]P’go (T(X) > Cg) —l—’ng(T(X) = Cg).

We need a7 + as = «, and we have to balance these considerations. Here are some ideas:
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One natural way to do this is to do an equal-tailed test, i.e. set a; = ag = /2.

o /N
()
Bl

2 ¢

Definition 15.7. ¢(x) is unbiased if

Jnt Egl¢(X) > a.

> G

The second idea is to choose an unbiased test.
Theorem 15.2. Assume X; o IT@)=A0n(2), so the sufficient statistic > T(X;).
Test Hy : 6 € [01,02] (with possibly 01 = 02) vs the alternative Hy : 6 ¢ [01,02]. Let ¢(x) be

the two-tailed test based on ;| T(X;).

(a) The unbiased two-tailed test for Y | T(X;) with significance level = o is UMP
among all unbiased tests (UMPU).

(b) If 61 < O, the UMPU test solves Eg, [p(X)] = Eg,[¢p(X)] = «.

e, ©E-

(c¢) If 01 = O = Oy, the UMPU test solves Eg,[¢(X)] = a and

Eg,

ZT(Xi)(¢(X) - a)] = g Bolo(X)]

Proof. Proof is in Keener. O
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15.4 p-values

Here is an informal definition (if ¢(x) rejects for large T'(z)): The p-value is

p(x) = “Pr, (T(X) > T(x)).”
>

— sup Py(T(X) > T()).
[ISSH
Example 15.4. Let X ~ N(0,1), and test Hy : 6 = 0 vs Hy :  # 0. The two-sided test

rejects for large | X|, and the two-sided p-value is
p(x) = Py(|z| > [z]) = 2(1 = &(Jz])).
We could instead test Hyp : |f| < 6 against H; : |#| > §. It turns out that we will get
p(z) = Ps(1X| > |z|)
=1—®(|z| - 6) + ®(—|z| —9).
Not every test will look like this, so we want a more formal definition.

Definition 15.8. Let ¢, () be a family of tests with supycg, Eg[pa(7)] < a and ¢q ()
monotone in . Then the p-value is

p(z) = inf{a: gpo(z) =1}
=inf{a:z € R,}.

This is the a for which the corresponding test just barely rejects.
For 0 € Oy,
Py(p(X) < a) < inf Py(¢a(X) =1) < o,
a>o

so the p-value is stochastically larger than U0, 1] under Hy.

Remark 15.2. The p-value is dependent on not just the data but also the null hypothesis
and the hypothesis test we use! This is something many people misunderstand in practice.
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16 Confidence Sets and Philosophy of Hypothesis Testing

16.1 Recap: hypothesis tests and p-values

We have been studying hypothesis testing, taking a model P = {Py : § € O} and distin-
guishing between two submodels Hy : § = ©g and H; : § = ©;. The hypothesis test is
defined by its critical function ¢(z) € [0, 1].

In a simple null vs simple alternative hypothesis, we saw that it was optimal to reject
for large Z—;(X). When we have one real parameter (0 = R, © = (0,00), etc.), this let us
analyze 1-sided tests Hg : 0 < 6y vs Hy : 0 > 0y. If Z—f is increasing in T'(x), for all 6y > 6,
(MLR), then the UMP test rejects rejects for large T'(X). This is also valid if T'(X) is
stochastically increasing in 6.

For 2-sided tests, i.e. Hy: 6 =6y vs Hi # 0 (or Hy : 01 <0 <6y vs H : 0 < 6y or
0 > 0s), a 2-sided test rejects for extreme T'(X), where T'(z) is some test statistic. Here
are two ways of making a two tailed test:

e Equal-tailed: Require Py (T(X) > c2) = Py, (T'(X) < 1) = /2.
e Unbiased: Require Py, (T'(X) < ¢1 or > ¢2) = .

Example 16.1. For an exponential family, the 2-tailed unbiased test is UMPU.

The p-value is the level of a for which the test barely rejects:

p(z) = min{a : ¢o(x) =1}
N Py, (T(X) > T(x)).

The p-value is defined with respect to a family of tests.
For 6 € Oy,
Po(p(X) < ) =Py(da(X) = 1) <,

so p(X) stochastically dominates the uniform distribution on (0, 1).
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16.2 Confidence sets

Often, the effect size is a much more relevant question of whether there is an effect or in
what direction the effect is.

Definition 16.1. In a model P = {Py : 6§ € ©} with an estimand ¢(f), C(X)isal—«
confidence set for g(6) if

Py(C(X)349(0)>1—« Vo € 0.
In other words, the probability that we picked a set containing the estimand is > 1 — a.

Remark 16.1. Note that we have written C'(X) > g(f), rather than the mathematically
equivalent g(6) € C(X). This is because g(f) is fixed; it is just the bullseye we are
shooting for. C(X) is the randomly determined object. People misinterpret this as a
statement about g(6) conditional on the data, which does not make sense from a frequentist
viewpoint.

This should not be called a “confidence” set because confidence is a Bayesian notion.
This should really be called an “interval estimate” instead.

16.3 Duality of confidence sets and testing

How do we make confidence sets? Suppose for every value a, we have a level-a test ¢(x; «)
for Hy : g(0) = a vs Hy : g(0) # a. Let

C(X)={a:¢(X;a) <1}

= {all non-rejected values}.
Then for every 6,
Po(C(X) 2 9(0)) = Py(¢(X3a) =1) < a.
Note that the two appearances of 6 on the left hand side need to be the same 6.

Remark 16.2. Why don’t we need a correction for multiple testing, if we are making
uncountably many tests? There is only one true null, so we only have 1 chance to make a
type I error.

The above procedure is called inverting a test to get a confidence set. We can go the
other way: We could rekect Hy : 6 € ©¢ if C(X)NOy = . For 6 € O,

Py(test rejects) = Pp(0 ¢ C(X)) < a.

Example 16.2. A confidence interval is a confidence set C'(X) which is an interval
[C1(X), Co(X)]. This is usually obtained by inverting a two-sided test.
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Example 16.3. An upper confidence bound is C2(X), where C(X) = (—o0, C2(X)],
and a lower confidence bound is C(X), where C(X) = [X1(X), c0). These are usually
obtained by inverting a one-sided test.

Definition 16.2. A upper/lower confidence bound is called uniformly most accurate
(UMA) if it inverts a UMP test. A confidence interval is called UMAU if it inversets a
UMPU test.

Example 16.4. Suppose we observe X ~ Exp(f) = %e_“/e with # > 0. The CDF is
Po(X <x)=1—e2/",

e To get a lower confidence bound for 6, invert the one-sided test for Hy : 6 < 6. Solve
o =Py, (X > c(fp)) = e~0)/%

to get
c(0y) = p(—loga) > 0.
Now
¢($;00) =0« X< 6(90)
X

—loga’

<~ Oy >

So the confidence region is C(X) = [Tga’ 00).

e For an upper confidence bound, a similar argument gives C(X) = (—o0, ﬁ}

e For a confidence interval derived from inverting an equal-tailed test, the equal-tailed
test is
6*a(X;00) = 675 (X:00) + ¢35 (X 60),

where these tests test Hy : 0 = 0y, Hy : 0 > 6y, and Hy : 0 < 6, respectively. Then
the confidence interval is

C(X) = [=maargy» ) N (~ 0 —izi=a7m))
- [—log)fa/Q)’ —log()l(—a/Q)]'

16.4 Philosophy: misinterpreting hypothesis tests and objections to hy-
pothesis testing

Here are some ways people misinterpret hypothesis tests:

1. If p < 0.05, then “there is an effect.”
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2. If p > 0.05, then “there is no effect.”

The hypothesis test does not eliminate uncertainty; it just describes or quantifies the
uncertainty.

3. If p=107%, then “ the effect is huge.”

4. If p = 1075, then “the data are significant,” and everything about our model is
incorrect.

5. The effect confidence interval for men is [0.2, 3.2] and for women is [—0.2, 3.8], there-
fore “there is an effect for men and not for women.”

Hypothesis tests ask specific questions about specific data sets under specific modeling
assumptions using a specific testing method. Top tier medical journals, for example, let
people publish claims by reporting p-values without saying what their model was or how
they tested the data. But even if we do hypothesis testing right, here are some more
objections:

1. Why should we ever test Hy : § = 07 Maybe exact zero effects don’t exist! Here are
some responses:

(a) One answer is that we could test something else, for example Hy : |0| < 0, where
§ is some minimum effect size we care about. However, in a N (6, 02) model, the
power of this § test = o+ O((§/0)?)

(b) Usually, directional claims are justified.
(c¢) In a 2-sample problem, we can test Hy: P = Q vs Hy : P # @, so this is harder

to answer in non-parametric problems.

2. People only like frequentist results like p-values and confidence intervals because they
mistake them for Bayesian results.

3. p-values ignore P(Data | Hp) and only look at P(Data | H1). The data could be more
likely under the null than under the alternative.

4. Maybe we should use something else instead of hypothesis testing, since scientists
often misuse hypothesis tests.
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17 Nuisance Parameters, Tests for Multiparameter Expo-
nential Families, and Permutation Tests

17.1 Nuisance parameters

We have been looking at tests with one real parameter § € ©® C R. In a one sided test,
Hy: 0 <6y vs Hi : 0> 6y, we reject for large T'(X). This is valid if 7(X) is stochasticly
increasing in # and UMP if we the density has MLR in T'(X).

For two-sided tests, Hy : 0 = 0y vs Hy : 6 # 0y, we reject for extreme values of T'(X).
We get valid directional inference if T'(X) is tochastically increasing, and this is UMPU
if we have an exponential family and calibrate ¢, ca(x1,x2). So

dPower B
do

at 00.

What about tests with multiple parameters?

Now, our model is P = {Fp : (0,\) € Q}, and we want to test Hy : 6 € Og vs
Hp: 0 € ©1. We call 0 the parameter of interest and A the nuisance paramater. \
can affect our hypothesis test, even if we are only interested in estimating 6.

Example 17.1. Let X1,...,X, i N(u,0?%) and Y1,...,Y, i N(v,0?), where u,v,c? are
unknown. We want to test Hy: up = v vs H; : p — v. Here, we only care about 0 = 1 — v,
so A= (u+v,0)or A= (u,o).

Example 17.2. Let Xy ~ Binom(ng, m9) and X; ~ Binom(ny,m) with Xo II X;. Here,

ng,n1 are known (not nuisance parameters). We want to test Hy : m1 < mo vs Hy : m1 > 7.
w1 /(1-m)

———22 which we can use to write the
wo/(1—m0)

A nice choice of 6 is the log odds ratio 6 = log
null hypothesis as 8 < 0. In this case, A = m.

17.2 Dealing with nuisance parameters in hypothesis tests for multipa-
rameter exponential families

Suppose we have an exponential family X ~ pg\(z) = eeTT(”"H/\TU(’”)_A(M)h(:c) with
6 € R% and A € R" both unknown. The distribution of X | U(X) only depends on 6. This
blocks the dependence on A. Proceed in steps:

1. Make a sufficiency reduction to T, U:
T T, _
(T(X)v U(X)) ~ qe,/\(tv u)ee A A(e)\)g(t? u)
2. Condition on U to get

_apbu) g gL
qe(t ’ u) - fq97>\(z’u) dZ =€ g(t7u>
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3. Perform the conditional test Hy: 0 € ©g vs H; : 0 € O in the s-parameter model
Qu={q(t|u):0c 06}

If Hy: 0 < 6, then
O(x) = L{7(X)>ca(u(z))}s

where

Eoal6(X) | U(X) <a, Vb€ Oy

Conditional control of the Type I error rate is stronger than marginal control of the Type
I error rate.

Remark 17.1. We may not want conditional control of the Type I error if we don’t need
to get rid of a nuisance parameter because requiring this may give a less powerful test.

Theorem 17.1. Assume P is a full-rank exponential family with densities

por(z) = €9TT(x)+>\TU(:c)—A(9,)\)h(x)’

where 0 € R, A € R”, (0,\) € Q is open, and Oy is possible.

(a) To test Hy : 0 < 6y vs Hy : 8 > 6, there is a UMPU test ¢*(z) = ¢(T(z),U(x)),

where
1 t > c(u)
Y(t,u) = ¢ v(u) t=c(u)
t < c(u),

where c(u) and y(u) are chosen so that

Egy[¢"(X) [U(X) = u] = a.

(b) To test Hy : 0 = 0y vs Hy : 0 # 0y, there is a UMPU test ¢*(x) = (T(x),U(z)),

where
1 t<ci(u) ort>ci(u)
U(tu) = 7i(uw) t=ci(u)
0 t € (c1(u),co(u))

with ¢;(u),vi(u) chosen to make
Egy[¢"(X) | U(X) = u] = o,
By [T(X)(¢"(X) — ) | UX) = u] =

We will prove this theorem next time.
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Example 17.3. Suppose X; d Pois(u;) i = 1,2, where we want to test Hy : p1 < po vs
Hy:p > ,u2.12 If we let n; = log p;, then
Tip—Hi
_ Hi € — oT1mtz2n2—(e"en2)
pﬂ(l‘) 7;l_i[Q ml‘ €

L eim—m)+@tem—() L
.T1!332! ZL‘1!$2!

The null hypothesis is Hy : g1 < o <= n1 <1y < m — 12 < 0. So our test is to
reject when X is conditionally large given X7 + Xo.

eP10+uA=A0N) Ly _ g
1! 1)

2 o=o(+)
1

x1l(u — z1)!

PQ(X1:$1|X0—I—X1:u):

g e*10

o Binom(u, %)

= Binom(Xy + X7, mliluz)'

Here is a sketch of the proof of the theorem:

Proof. We can think of the power function as a function on the set €:

N O
/_———‘

/-;
e=8,
Fawef < of

(gouu\’l"rf)

i >
o )

2For example, Professor Fithian’s wife has gotten pooped on by a bird 4 times in her life, and Professor
Fithian has only gotten pooped on once. We can test if Professor Fithian’s wife is more unlucky than
average. This is the real reason to learn statistics.
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1. We must have power = « on the boundary 6 = 6.

2. On the boundary, U is complete sufficient. Then E[g, \[¢(X)] = « for all A, so
Eg,\[0(X) | U(X)] =

3. ¢* must then be the best among conditional tests.

The idea is the same for the two-sided tests, where we have constant power on the null
hypothesis. O

Example 17.4. Let X3,..., X, i N(u,0?), where u,v,0? are unknown. Test Hq : 1 = 0

vs Hy : pp# 0. We have

T DT e < 1 )”/2

p,u,oZ( ) = €0 202

Condition on Y, X? = ||X||? = U(X). Then under Hp, X | || X||*> =u % Unlf(\fS” 1) is
uniform on the sphere. This is equivalent to ﬁ 0 Unif (S*~1), where T XH IT]|X|/%. The
UMPU test rejects when Y, X; is extreme given || X|[|2. Let X = 1 3" | X;, so

g2— ! D (X - X)?

n-1=
1 n o n 9
= (ZXE—QXZXZ-JrnX)
i=1 i=1
1 <2
ZE(HXW*”X)

- L (nxn? - (\}12){)2)
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This means (n — 1)S? = || Projg‘(o X||. Here is the picture when n = 2:

L

@:,'1\

(rexk lectore )

x\b

Reject for extreme \/LQ (note that this is monotone in X). This is
[X[2—nX

VnX/|X]|
72 ’
1—nX7/| X[

which is a function of X/||X||. So this is independent of U = || X||?. This statistic is a
scaled version of the T-statistic:

1 Vix
Vi—1 5t

2
where %\/5 Ho tn_1-

17.3 Permutation tests

Example 17.5. Let Xq,..., X, i p and Yi,...,Y, id () be independent, where we
want to test Ho : P = Q vs Hy : P # Q. Under Hy, X1,..., Xp,Yi,..., Xn *9 P. So
condition on the complete sufficient statistic for the null hypothesis (which is not complete

for the alternative!): Define (Z1,...,Zp+m) = (X1,..., X5, Y1,...,Yy). Under Hy, the
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order statistics U(Z) = (Z(1),---,Z(ntm)) is complete sufficient. So let Syim = {7 :
permutation on n + m elements}. Then

Z=(X,Y) | U Unit({nU : 7 € Spsm}).

For any test statistic Y, if P = @, then
1

Ppo(T(Z)2t|U) = nm) Y Lirwzsn-
WESn+m
In practice, we can do a Monte Carlo version of this; sample 71,...,7p i Unif (Sp+m)-

Then Z,mZ, 122, ..., 7pZ 'S Unif(Sp mU). Let the p-value be

1+BZ {T(2)<T(mp2)}

% Unif( Bl

{ﬁ7""ﬁ

So if we take a test statistic and apply it to all permutations of the data, if the original
data looks special, then we should reject.
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18 Hypothesis Tests for Gaussian Models

18.1 Recap: hypothesis testing with nuisance parameters

Last time, we discussed hypothesis testing with nuisance parameters. If we have an ex-
ponential family X ~ eeT(m)H‘TU(I)_A(e’)‘)h(:U) with the one-sided test Hy : 0 < 6y vs
Hy : 0 > 0y, then the UMPU test rejects for conditionally large T' | U. If we have the
two-sided test Hy : 0 = 0y vs Hy : 0 # 6y, the UMPU test rejects for conditionally extreme
T | U. Here, Py(T | U) depends only on 0 (U is sufficient after fixing 6).

We saw the nonparametric test where if X; id P Y; S Q, then we can test Hy: P = Q)
vs Hy : P # @Q by conditioning on the pooled order statistics. There are various choices of

test statistics to use for permutation tests with various properties.

18.2 Distributions related to Gaussians

Example 18.1 (x2 distribution). If Z1,. .., Zs <~ N(0,1), then

d
V= Z Z? ~ x4 = Gamma(d/2,2)

i=1

with
E[V] =d, Var(V') = 2d.

Note that the standard deviation grows slower than the mean, so as d — oo,

Vi
— =1
d—>

That is,
P(|% =1 >¢) =0
for all ¢ > 0. This is what we would expect from the law of large numbers. The central
limit theorem tells us that V ~ N(d, 2d) because vVd(% — 1) 4 N(0,2).
Example 18.2 (t-distribution). If Z ~ N(0,1) and V ~ x2 with Z Il V, then

Zz
i

the Student’s T-distribution, where ¢t; =~ N(0,1) for large d.

Example 18.3 (F-distribution). If V} ~ X?ll and Vo ~ XC%Q with V; I V5, then

Vi/dy
~ F,
V2/d2 dl,d27
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the F-distribution, which has 2 degrees of freedom. Fy, 4, =~ Xgl if dy — oco. If t ~ tg,
then

Z2
~ m
Example 18.4. If Z ~ Ny(u, %) with A € R¥*? and b € R¥, then

AZ +b~ N(Au+b, ASAT).

T2 ~ Fiq.

18.3 Analysis of the one-sample t-test
We saw earlier that if Xq,...,X, i N(u,0?) with both 4 € R and ¢ > 0 unknown and
we test Hg: p=0vs Hy : o # 0, then the UMPU test says to reject for extreme X given
| X|I2. We could also say to reject for large | X|/|| X||; this gets rid of the conditioning given
| X |2, since under the null, | X|/||X|| II || X||?. Equivalently, we can reject for large values
of
nX X /X2
-2 ) ‘

[X[? =nX" 1= X7/ X]?

If we didn’t want to square this, we could equivalently reject for extreme

where 52 = L3 | (X; — X)?. This has a T-distirbution because
1 .
5% = m” Proﬁ‘n X2 ~ 0%Xn_1.

Here is a picture for n = 2:

/N )
Ka ¥ IX-¥1, /= ”Pra')l (x) ” ~ 0‘75,.-.
,d\-w‘l" ia 4—.\ directron
I(X-M 1"” Mmooy TS ==
4 X "
vy A, S,_ -

/>?1n;P‘°'_)-1A(X) 7

d ﬁ\va_ e nitude ta

a-1 residucl Aics

4 (M,M) Sm 11

/

1,

7 X

l
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What’s happening geometrically is that

is a ratio of squared magnitudes in different directions. If g = 0, then no direction should
be special. Let’s make this more precise with linear algebra.
Here is a change of basis: Let

Q= -~ @|=|a @

| | |
with ¢; = ﬁln and g, ..., q, completing this to an orthonormal basis. Then Q'Q =

QQ" =1I,, and X ~ N,,(ul,,0%I,). Let

- 7
AT v Q1X _ \/HX
z=a'x= 5] = 7]
Then
Vnp
0
Q'X ~ N, ) S
0
SO

~2 2
Q! X|* = Q" X|* = nX™ = |IX||* - nX" = (n—1)S*.

This tells us that
Q;FX ~ Nn—l(oa 0_2‘[”_1)'

Here, we have

(n-1)S2~o™2 .y, VaX ~ N(Vip,o?).

18.4 Canonical linear model

Assume
A o
Z=\2zi| ~N, | || ,0%I,
Zy Hr

where Z; has dimension d; with n —dy — dy = d,.. Here, pgp € Rdo, u1 € Rdl, Wy € R4, We
want to test Hy: puy =0 vs Hy : uy # 0.
This is an exponential family, with

ny

-
# 1
p(z) X e o2 Z1+U%Zo—272||z\\2h(z).

We want to condition on (i.e. ignore) the nuisance parameter Zj.
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e If 02 is known and d; = 1, then the UMPU test rejects for large/small /extreme values

of

Z
% N(0,1), (Z-test).
o

e For known o2 and d; > 1, reject for large values of

2117 Ho 2

5 X, (Xz-testl?’).

o

e For d; = 1 and unknown o2, condition on Zy, ||Z||?> = ||Z0||* + Z? + || Z/||*>. We
reject for conditionally large/small/extreme Z;, which is the same as conditioning on

extreme values of ﬁ This is equivalent to rejecting for extreme values of
1+ r

Z Hy

= Dy
VIIZ1112/dy '

e If d; > 1 and o2 is unknown, condition on Zy, || Z1]|? + || Z-||?. Reject for large

(t-test).

Z112/d
I 1||/1{@Fdd

LY ko] a4 (F-test).
1Z:|?/dx '

Remark 18.1. This is related to the Beta distribution.

HX1H2 ~ o2 Gamma(d; /2, 202)

and
12| ~ 02)(37. = Gamma(d,/2,20?).
" AR
A
————— ~ Beta(dy/2,d,/2).
121112 + (12, ||? '

More generally, if U ~ Beta(d;/2,d,/2), then

U/d;

The normalized residual vector is

1 o?
—NZ|I? ~ —x2 ~ o2
drH 7"” dr dy

BThere are a number of hypothesis tests refered to as a “y2-test.”
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If we write

o _ 2|2
d, ’
then the t-statistic is
A
?7
and the F-statistic is )
1| Z4]
d, o2

This is a solution to a problem presented in a nice form. Next time, we will talk about
how to use a change of basis to solve more general Gaussian model problems.
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19 General Linear Model for Gaussian Hypothesis Tests

19.1 Recap: Canonical linear model for Gaussian hypothesis tests
Last time, we the x? distribution: if Z1,..., Zy S N(0,1), then V = ||Z||* ~ x%. We also

had the ¢ distribution, where if Z ~ N(0,1) IIV ~ X% then Z/\/V/d ~ t4. We also had

the F-distribution, where if V; ~ x2 11 V3 ~ y2,, then g;;;g ~ Fyy dy-

In our canonical linear model, we had

A Ho
Z = Zl ~ Nn M1 70'2171
Zy Hr

where Z; has dimension d; with n —dy — dy = d,.. Here, pg € Rdo, u1 € Rdl, Wr € R4, We
are interesting in testing Hg : p1 = 0 vs Hy : pp # 0. We ended up with 4 cases last time:

‘ o? known o2 unknown
dy=1| Zi/o "9 N(0,1) Z1/5 %9 t,_y
A > 1|1z /0? g, Ay = B B L,
where 52 = ”ZdTT”2

19.2 General linear model for testing Gaussian means

In the general linear model for testing Gaussian means, we have Y ~ N, (0,02I,,) with
02 > 0. We want to test Hy : § € ©g vs H; : § € ©\ Oy, where ©g C © C R" are
subspaces. Denote ddyp = dim(0Oy) and d = dim(©) = dp + d;.
Let
Q=[Q Q1 @,

where (g is an orthonormal basis for ©g, 1 is an orthonormal basis for © N 93‘, and Q.
is an orthonormal basis for R” N ©+. Then

Z=Q'Y ~N <[g%g] ,021n> .

In this basis, we are testing Hy : QITQ =0vs Hy: QITH # 0.

19.3 Linear regression

Let x; € R be fixed, and let Y; = l‘;rﬁ—l—Ei, where ¢; id N(0,02). Then Y ~ N(XB,0%I,),

where

|
X = : =|X; - X,| e R
|

—w o] L

96



Assume that X has full column rank. Our model is to estimate § = E[Y]| = X3, where
0 € span(Xy,...,Xg). Our null hypothesis is Hy : 1 = 2 = -+ = f4, = 0, where
1 <d; < d. This is the same as 0 € span(Xg,11,...,Xq) (or {0} if d; = d). In this model,

we have Qo = Projspan(ay, ;1,..00) 804 Q1 = PrOjiane  wyned-
We have

|Z:|| = ||Y — Proje Y|?
= HY — XBors|”

"§: Yi - af ),
the residual sum of squares (RSS). Here,

BoLs = (XTX)"'XTY =argmin |V — X3|% = argmm Y — 6%
BER

Note that
1Z1]1% + || Z2|1> = |Y — Proje, (Y)|| = RSSq .
The F'-statistic is

1Z1]2/(d—do) _ (RSSy—RSS)/(d — do) m, .
1 Z: |12/ (n—d) RSS /(1 — d) i don—d-

Ifd=1,let Xg = [Xg Xd] € R%x*" Then let

X11 = X1 — Projg,(X1)
=X — Xo (Xq Xo)1X{ X1

Y

= X1 — Xov

To make X7 special, write § = X3 = X1, 061 + Xg(ﬁ,1 + ’yﬁl) = X181 + Xod. Then

[Bj] = ((X11X0) " (X11X0)) M (X11X0) 'Y

1)
_fx)T 0 JxLy
- 0 (Xg Xo) '] | XgY
SO T
B XY A
1 — p— .
[ X1l [ Xl
X'y
Here Q = [q1] = ‘éi”a so Z1=¢q[Y = H)%:H'
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The variance of the OLS estimator is

-~ Zl 02
Var(f;) = Var ( ) = .
X/ X ?

So the standard error of Bl is
~ o
S. e.(IBI) = m

The t-statistic is

~

QY B B

—~

RSS/(n—d) o/IXill  se(B)

19.4 One way ANOVA (fixed effect)

ANOVA is short for “analysis of variates.”

Our model has Y, ; d Mk + €k, Where ep; i N(0,02) with k = 1,...,m and i =
1,...,n. We want to test Hy : u1 = -++ = py, = p for any p € R. Then the null has
dimension dy = 1, and the whole model has dimension d = m. The residual dimension is
d, =m(n—1).

If we concatenate everything into 1 long vector,

1

Qo= 1|1, Q1 = basis for orthogonal complement of 1,,,.

1

Denote 1 1
?k = E ZYk,z‘-S]% = m Z(Yk,z’ - ?k)27
i i
_ 1 1 _
B I D) BN
k % k %

Then

RSS=) Y (Vi Y’ = (-1 S = Y| ~n)_¥i,
koo A k
RSSo >N (Vies — Y)2 = (mn — 1)S2 = |V[|? — mnY".
k i

The F'-statistic is

(RSSo —RSS)/(m — 1) (O, Yi - m?2) _ between variance

RSS/(m(n—1)) ﬁ Sk > (Yei — Y5)? ~ within variance
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An equivalent test statistic would be

RSSy—RSS |z
RSSo 1Zu)12 + | Z: (12

This is asking “by what percentage does the residual sum of squares goes down?’” or “what
fraction of the variance is explained by adding these extra variables to the model?” We
reject when the residual variance goes down by a larger than expected percentage.

99



20 Convergence, Consistency, and Limit Theorems

20.1 A note about linear regression

Last time, we discussed linear regression, where we have z; € R? and y; = a:ZT B+ &;, where
iid . .
g; ~ N(0,0%). Then we can write the density as

1 1 —
p(y) = W exXp (_W Zl(yz - $;3)2>

1 1 9
= WGXP (_MH?J—XBH >

1 |
:Wexp <Wy y+§(Xﬁ) (
,BT

1 1
" @ro?y 2 P <—202Hy|!2 + (X Ty) - A(ﬁ)) :

BTXTXB
- 20 >

Then X Ty, |ly||? are sufficient iff (X" X) !XTy and ||y||? are sufficient. This is equiv-
alent to the OLS estimator 3 and RSS = lyl|? — HXBH2 being sufficient. So we can
make a suffiicencty reduction to B\, 2. Here, one can show that 3 = (X X )TLX Ty ~
Ny(B,0%(X T X))~ Hwith B 1152. Note that this is d-dimensional, rather than n-dimensional,
so we have a dimensionality reduction.

20.2 Convergence and consistency
Let X1, X9, -- € R? be random variables.
Definition 20.1. X, converges in probability to ¢, written X, LN c, if
P(| X, —¢|]| >¢) =0  ¥Ye>0.
This says that X,, becomes roughly constant.

Definition 20.2. X, converges in distribution to X, written X, 2> XorX, = X,
if E[f(X,)] — E[f(X)] for all bounded, continuous functions f.

This says that when n is large, the distribution of X,, looks a lot like the distribution
of X.

Theorem 20.1. If X1, Xs,--- € R, let the CDFs be F,(z) = P(X,, < x) and F(z) =
P(X <x). Then X, = X iff F,(x) — F(z) for all x such that F is continuous at x.

This is a weaker version of pointwise convergence, and convergence in distribution is
sometimes called weak convergence. Here is why we want to only consider continuity
points:
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Example 20.1. Let X, ~ d;/, and X ~ §p. We want our definition to say X, = X.
The CDFs are

Fx(:l,’) = ﬂ{l/ngx]n F(‘T) = ]]-{Ogm}'

F

° N F,

O 0

This example suggests that convergence in probability and in distribution are related.
Proposition 20.1. X, 2 if and only if X,, = ..

The kind of convergence we care most about in statistics is consistency:
Definition 20.3. If P, = {Fp,, : § € ©} with X,, ~ P, , then we say that 0,(X,) is
consistent for g(0) if 6,(X,) 2 g(0) for all 0, i.e.

Po([|6n(Xn) —g(0)] > &) = 0.

20.3 Limit theorems
20.3.1 The law of large numbers and the central limit theorem

Theorem 20.2 ((Weak) law of large numbers). Let X1, Xo,... be iid random vectors, and
let X, =230 X;. IfE[|Xs]]] < 0o and E[X;] = p, then X, .

Remark 20.1. You may have seen a stronger version of this theorem, in which we can
prove that X,, — p almost surely. In statistics, we are interested in convergence in
probability, so this will suffice for our purposes.

Theorem 20.3 (Central limit theorem). Let X1, Xo,--- € R? be iid random vectors, and
let X, = 13" | X;. Assume that E[X; = p and Var(X;) = ¥ < co. Then

Vi(Xn —p) = Na(0,%).

20.3.2 The continuous mapping theorem
Here are three tools for how we propagate convergence to other kinds of random variables:

Theorem 20.4 (Continuous mapping). Let Xy, Xo,... be random variables, and let g be
a continuous function. If X, — X, then g(X,) = ¢g(X). In particular, if X, Lo,
then g(Xn) 2 g(c).

Proof. If f is bounded and continuous, then f o g is bounded and continuous, so

E[f(9(Xn))] = E[f 0 g(Xn)] = E[f 0 g(Xn)] = E[f(g(X))]. B
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20.3.3 Slutsky’s theorem
Theorem 20.5 (Slutsky). Assume X, = X and Y;, & ¢. Then

Xn:>£

Xn+Y, = X+g XnY, = X - v
n C

(where we assume ¢ # 0 for the last one).
Proof. Here is a sketch: The first step is to show that (X,,Y,) = (X,c¢). Then apply
the continuous mapping theorem. ]

20.3.4 The delta method

Last is the delta method, which informally says that if X, ~ (u, 0?) with 02 small and f
is differentiable, then f(X,) ~ N(f(u),o%f(u)?).

Theorem 20.6 (Delta method). If \/n(X, — u) = N(0,02%) and f(x) is continuously
differentiable at u, then

V(f(Xn) = (1) = N(0,0%f(1)?).

Proof. Here is the idea: Write f(X,) = f(u) 4+ f(Ca)(Xn — 1), where , is between p and
X, (by the mean value theorem). X, L, u because X,, — 2. 0. Then Cn LN 0, as well,

because
P([|[¢n — pl| > €) < P(| X — | > €) = 0.

So, by the continuous mapping theorem applied to f ,

\/ﬁ(f(Xn) - f(M)) = w \/E(Xn - M)7
Lofu) = N0

So by Slutsky’s theorem, /n(f(X,) — f(1)) = N(0,02f(1)?). O

Remark 20.2. We don’t need to have y/n in the front. The theorem is still true if we
replace \/n with a,, as long as a,, — co. Where in the proof did we use that \/n — oo?
This was necessary for the fact that X,, = I
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Here is a picture of the delta method:

ITAWN

LAl

S

There is also a multivariate version:

Theorem 20.7 (Delta method, multivariate). If v/n(X,—u) = N(0,%) and f : R? - R
1s continuously differentiable at u, then

V(f(Xn) = f(r)) = N(0,V'EV/).

The proof is the same as the univariate case.
Example 20.2. Let Xq,...,X, i (u,0?), and let Y1,...,Y, i (v,72) be independent of
the X;. Suppose we estimate (u + v)? with (X +Y)2. We can say a few things:

1. By the law of large numbers, X 2 p and Y & v as n — oo. The function f(z,y) =
(z +y)? is continuous, so f(X,Y) & f(u,v). In other words,

(X +Y)? 5 (u+v),
so (X +Y)? is consistent for (u + v)2.

2. The central limit theorem says that \/n(X —n) = N(0,0?) and v/n(Y —n) =
N(0,72). Here,
of of

%(w,y) = gy(:v,y) =2(z +y).
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So the delta method tells us that
S 1 a2 0
FET) %N () 295000 |7 5 01)
=N ((n+v)*4(n+v)*(0® +7°)/n) .
More rigorously,

V(X +Y)? = (n+v)?) = N(0,4(u +v)*(0® +77)).

. What if (4 +v)? = 0? Then

V(X =Y~ (u+10)?) B 0.

We also know
VX +v/nY = N(0,0% + 72%),

so if we square this sum,
n(X+Y)? = (o +77)x5.

If we keep getting things converging to 0, we can keep blowing up the error to find
what the distribution of the error rate is in this way.
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21 Maximum Likelihood Estimation and Asymptotic Effi-
ciency

21.1 Recap: Convergence in probability and distribution
Last time we introduced notions of convergence. We had

e Convergence in probability:
X, B e if P(|X,—¢>e)—0 Ve>D0.

e Convergence in distribution (sometimes called weak convergence'?)

X, = X if E[f(X,)] = E[f(X)] V bounded, continuous f.

If X,,X € R, then X,, = X if and only if F,(x) — F(z) for all  where F is
continuous at x, where F),(z) = P(X,, < z) and F(z) = P(X < z).
We had a few theorems will allow us to extend convergence to more random variables:

Theorem 21.1 (Continuous mapping). If f is continuous,

D
Theorem 21.2 (Slutsky). If X,, = X andY,, = ¢, then
Xp+Y, = X+e¢  Xn Y, = X, X,V = X/c (c#0),

Theorem 21.3 (Delta method). Suppose g(n)(X,, — u) = N4(0,%), where g(n) — co.
Then for f : R4 — R¥, where

_ Vfl(x)T _
Df(z) = :

— Vi)' —

exists and is continuous at p, then g(n)(f(X,) — f(p)) = Ni(0,Df()ZDf(p)").

14The real reason this is called weak convergence is that it corresponds to convergence of the distribution
measures in a weak topology on BC(R™)*, the dual space of the bounded continuous functions on R".
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21.2 Maximum likelihood estimators
Definition 21.1. Let P = {P : § € O} be a dominated family with densities py for P
with respect to . The maximum likelihood estimator (MLE) is

9MLE(X) = argmax pg(X)
fco

= argmax ((6; X).
0cO

If we are worried about whether this exists, i.e. if the maximum is achieved, we can
just take some € tolerance instead. For now, we won’t worry about that.

Remark 21.1. This is invariant to parametrization. If we have two different parameteri-
zations 0 and 7(#), then v = n(fmre). This is not the case for, for example, the UMVU
estimator.

Example 21.1. Let p,(x) = e”TT(m)_A(”)h(:IJ). The log likelihood is
U(n;x) =" T(x) — A(n) +log h(z),
SO

Vi(n; X) =T(X) — VA(n)
= T(X) = E,[T(X)].
Note that V/ is concave. If we set it equal to 0, we get something like a method of moments

estimator.
nvLe solves T(X)=E

Let = 1(n) = VA. Then 7§ = ¢~ HT(X)).

[T(X)].

q

Example 21.2. Let X; S "M@ =AMp(z) with n € 2 C R. Then

F=u @), T=- S T(X),
=1

Assume 7 € Z° and () = A(n) > 0. Then ¢~ is continuous, so

By the law of large numbers, T' LN w. Here, we write p, to emphasize that this convergence

depends on 7. So the continuous mapping theorem gives consistency: ¢~1(T) Pn, 7.
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The central limit theorem gives

V(T — i) = N(0,Var, T(X1)) = N(0, A(n)),

where the Fisher information is J{'(u) = A(u)~!. The delta method gives

V(i —n) = V@D —n) = N, 353400) = N0, A@n)™).

Recall that J)'(u) = Var,(T(X1)) = A(n). Asymptotically, 7j is unbiased and achieves the
Cramér-Rao lower bound because J;1 (1) = nA(n).

What do we mean by asymptotically unbiased?

Example 21.3. Let Xq,... ,Xn;if} Pois(0) = 91;%!_9, and let 7 = logf. Then 7 = log X.
The central limit theorem says (X —6) = N(0,6), so the delta method tells us that

\/ﬁ(ﬁ_ 77) = \/ﬁ(logY - log 9) = N<O7 9%‘% = N(()?H_l)'

What if X = 0? In fact, i) has bias —oco and infinite variance, so the bias does not converge
to 0. What we mean by asymptotically unbiased is that the scaled limiting distribution
has no bias.

If you are a glass half-empty person, you might say that we can never use 7), since it
will always have infinite mean squared error. But if you are a glass half-full person, you
might say that

P,(X =0) =Pp(X; =0)" =",

which is an exponentially decaying probability of anything bad happening.

Proposition 21.1. If X,, — X, Z,, is arbitrary, and B,, is an event such that P(B,) —
0, then
Xn]leb —i—Zn]an = X.

Proof. Observe that Z, 20

P(||Zn1B, || > ) <P(|[1p,[ > &) = 0.
So Z,1p, 2, 0. Since 1pe 2, 1, use Slutsky’s theorem to get the result. O
21.3 Asymptotic efficiency

Let Xq,..., X, id po(z) with & € R?  Assume that py is “smooth” in 6, e.g. it has 2

continuous integrable derivatives. Let

00 X;) =logpe(Xs), a0, X) =) £1(6; X;).
i=1
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Recall the Fisher information for a single observation is
Hy(0) = Varg(VE1(6; X)).
The likelihood ratio, which captures everything about the data, looks like

W =log(£n (0 + 6) — £,(0)) = log(5 ' V,()).
The Fisher information for n observations is

Jn(0) = Varg(Ve,(0; X)) = nJy (6).
Recall that E[V/¢1(0)] = 0.

Definition 21.2. An estimator gn is asymptotically efficient if
Vi, —6) =% N0, (0)7).

Really this is a sequence of estimators converging, but this is usually understood from
context. For continuously differentiable g(#) : R — R,

Vi(g(8n) — 9(8)) = N(0,Vg(0) " 11(6) ' Vg(8)).

You may recognize this as the Cramér-Rao lower bound.
Let 6y be the true value, and let 6 be a generic value of the parameter. We will maximize

0,(0; X) by setting Vﬁn(@\MLE) = 0. We know V/;(6o; X;) Y (0, J1(6p)), so by the central
limit theorem,

\}HV&L(GO,X) = \/E%ZV&(GO,XZ) - N(O,Jl(g())).
=1

Now calculate the second derivative: Using the law of large numbers,
1 o2 P 20000 XY —
EV en(eo, X) — Ego[v £(907 Xz)] = —Jl(e).
Here is an informal proof of why the MLE should be asymptotically efficient.

Proof. Assume R R
0=Vl (0n; X) = Vi (60o) + V2, (60) (6, — 6),

using a Taylor expansion. Then

SO — 09) ~ <—;v2£n(90))_1 (\}ﬁwn(eo)> s N(O,1(60)7Y),

ﬂ>Jl(90)_1 — N(O,Jl(eo))

which gives asymptotic efficiency. O
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What’s missing from this proof? To do our Taylor expansion, we need to first show
that On is close to fy; that is, we want to show consistency: 9 LN 0.

//l é"(eo) - Scolfe

/'/

Y N - e an(G)
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22 Asymptotic Consistency of the Maximum Likelihood Es-
timator

22.1 Recap: Maximum likelihood estimation

Last time, we introduced maximum likelihood estimation. If our model is P with densities
po(x) with respect to p and if our sample is Xj,..., X, i Doy, then the maximum
likelihood estimator (MLE) is

0, = arg max py(X)
e
= argmax {,(0; X)
0cO

= argmax Z 51 (9, Xl) — 51 (90, Xz)

[USS) :
€ =1 Wi (0)
= argmax W, (0),
/e

where

We are interested in how W,, converges to its expectation.
Last time, we made a quadratic expansion of the log-likelihood (or a linear expansion
of the score), R L
0=Vl (0,) = Vi (00) + V2(6,) (0, — bp),

where gn is some value given by the mean value theorem. Then

Via(G, — 0o = (—;vze@))l (vea@n).

> Nd(O,Jl(eo))

We want to say that the first term converges in probability to Ji(fg)~'. We need a few
ingredients:

o é\n £> 90.
° J1(90) = 0.

o We need to deal with a random function at the random value é\n
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22.2 Pointwise convergence of likelihood ratio averages

We can say W, (0) is a sample mean of iid W7 (0), ..., W, (0). Recall the KL-Divergence

(1) Pao (Xl)]
D 0 0) = Ey, |lo .

Then by Jensen’s inequality,

(1) pgo(}fl)]
—Dxi(0y ]| 0) <logE
KL( 0 || ) = log 0o [pa(X1)

<log1l
=0.

Since log is strictly concave, this is a strict inequality unless py, = py.
Now let’s calculate the expectation of the Wis:

Ego [Wn(0)] = Eqy [W;(0)]
= Eg, [€1(6; X1) — £1(00; Xi)]
= —Dxkw(0o || 0)
<0,

unless pg, = po. Then
Wn(a) £> —DKL(90 H 9) <0

unless pg, = po. We need a way to make this convergence uniform.

22.3 Uniform convergence of random functions

Definition 22.1. For a compact K, let C(K) be the set of all continuous functions f :
K —R.

Definition 22.2. For any f € C(K), the L*™ norm is
[[flloo = sup | f(#)]-
teK

Definition 22.3. We say that f,, — f in this norm (f,, converges uniformly to f) if
[fn = flloo = 0.

Theorem 22.1 (Law of large numbers for random functions). Assume K is comapct, and
Wi, Wa,--- € C(K) are iid with E[||W;||lec] < 00. Let u(t) = E[W;(t)]. Then u(t) € C(K),

and
1 n
n;Wi_M

That is, %Z?:l W; — u uniformly in probability.

2.

o0
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We won’t prove this.

Theorem 22.2 (9.4 in Keener). Let G1,Ga,... be random functions in C(K) with K
compact. Assume that |Gn — glles = 0 for some fized g € C(K). Then

1. If ty B t* with t, random and t* € K fized, then Gy (tn) = g(t*).

2. If g is mazimized at a unique value t* € K and Gy (t,) = max, G,(t), then t, Ly ¢,

3. If K CR, g(t) =0 has a unique solution t*, and t, solves Gy(t,) =0, then t, L t*,
Proof.

1.

‘Gn(tn) - g(t*)| < |Gn(tn) - g(t - n)’ + |g(tn) - g(t*)‘
< 1Gn = glloo +|g(tn) — g(t")];

~~ ~~

20 20

where the second term converges to 0 in probability by the continuous mapping
theorem. So G, (t,) 2 g(t*).

2. Fix e > 0, and let B(t*) = {t : ||t — t*|| < e}. Let K. = K \ B(t*); this intersection
is also compact. Let

0= g(t") — maxg(t) > 0.
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If t,, € K., then

Gn(tn) < maxg(t) + [Gn = glloo- = 9(£7) = 0 + [|Gn — gllec-
We also know that

Gh(tn) = Gn(t) 2 g(t") — [Gn — 9|
Subtracting these inequalities gives
2|Gn = glloo = 0.
The probability of this is going to 0 by assumption, so P(¢,, € K.) — 0.
3. The proof of this is analogous to the proof of the second statement. O

What if we don’t need the exact maximizer or if there is no exact maximizer? We can
modify part 2 of the theorem:

Theorem 22.3. Let G1,Ga,... be random functions in C(K) with K compact. Assume
that ||Gr — gl 20 for some fized g € C(K). Then if g is mazimized at a unique value
t* € K and G, (t,) = max; Gy (t) — oy, with o, — 0, then ty, Ly g,

Proof. We can repeat the same argument, except this time we get
Fo(tn) > Go(t*) —an > g(t*) = |Gn = glloo — an.

This gives
2||Gn - g”oo >0 — o,

and the proof still works. O

22.4 Consistency results for the MLE
Theorem 22.4 (Consistency of the MLE for compact ©). Let X1,...,X, i Do, , where P
has continuous densities pg for 6 € ©. Assume that
e O is compact,
o By [[[Willoo] = Egy [[1€1(6; Xi) — £1(60; Xi) o] < 00,
e The model P s identifiable.
Then §n Ly 0 if §n € argmax £, (0; X).

So it doesn’t matter which value we pick for the MLE; we still get consistency.
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Proof. Since the densities are continuous, W; € C(0). They are iid with mean u(6) =
—Dxkr,(6o || 0), where p(6p) = 0 and p(6) < 0 for all 8 # 6y. So 6y uniquely maximizes p.
By definition, #, maximizes W,, so W, — tlloo 2 0 by the law of large numbers. Now
apply the previous theorem. ]

Here is a way (but not the only way) to restrict our attention to a compact set.
Theorem 22.5 (Keener 9.11 with slightly stronger assumptions). Let Xi,..., X, id Do »
where the model P has continuous densities pg for § € © C R?. Assume

e The model is identifiable.

e For all compact K C RY, E[supye e |[Wi(0]] < o0o.

e There exists an r > 0 such that

E| sup W;(0)| <0.
16—60l[>7

Then §n 2 0, if §n € argmax £, (0; X).
Proof. Let A={0:1|6 — 6o|| > r}, and let o = E[supye4 Wi(#)] < 0. Then

So

as a 2 0 implies suppe 4 Wn(6) & 0. Now let

0 = Onl 5 ey + 00140, € A} D 0y,

Then 8,, 2 6,. O
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23 Asymptotic Consistency of the MLE and Likelihood-Based
Hypothesis Tests

23.1 Recap: Uniform convergence of random functions

Last time, we were interested in uniform convergence of the random functions given by the
sample mean of W;(0; X;) = £1(0; X;) — £1(00; X;). The nice thing about these is that

E[W;(8)] = Dkr(0 || 60),

which is < 0, with equality iff Py = Fp,. We saw that §n LN Oy if the W; are continuous
and ||[W,, — E[W,]||ec = 0 on compact © (otherwise, we need an extra argument).
We also proved the helpful fact

Proposition 23.1. If |G, — g]|e 20, tn & t, and Gn, g are continuous with compact

domain, then
Gin(tn) = g(t)-

23.2 Asymptotic distribution of the MLE

Theorem 23.1. Suppose X1,...,X, i Do, where 6y € ©° C R?. Assume that

e 0, 2 6y, where 6, € argmaxgcg fn(0; X)

e In some neighborhood B:(0y) = {6 : |0 — 0y|| < e} C O°,
(i) €1(8; X) has 2 continuous derivatives on B:(0y) for all z.
(i) Eoy[supgep. [IV2€1(6; Xi)]] < 0.

(iii) Fisher information condition:
Ego [VZI(HO,XZ)] =0, Vargo (V@l (9)) = —Eg[v2£1 (90)] > 0.
Then R
Vil = 00) = Na(0, J1(0) ™),
i.e. the MLE is asymptotically efficent.

The conditions in this theorem can be relaxed somewhat.

Proof. Let A, be the event {||f, — 6| > ¢}. Then Py, (A,) — 0 by assumption. All we
care about is what happening on A¢%. On A¢, 6, € B-(6p), and

~

0= Vl(0n; X)
= V0, (00; X) + V2, (60; X) (0, — bo)
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for some 6,,. Now

-1
Vit — ) = (%v%@n)) =Vl (fh) |

vn
2y = Nal0.51(0)
— Ny(0,.J1(60)7Y). O

The proof basically says that the second derivative of the likelihood is approximately
non-random and equals the Fisher information.

)L (B K

_\ Q,QA(Q,- X ) &~ /"\/ KO ) jl(@,)),)
: V4 =0T )

If the fisher information is very large, the second derivative of the likelihood function is
huge at 6y. This makes the likelihood more strongly peaked, so the MLE won’t be so far
from 6.

23.3 Likelihood-based hypothesis tests

We can develop likelihood-based tests based on measuring different aspects of the above

MLE picture. Let X1,..., X, ig po(x), where pg(z) is “smooth” in #. Assume that
Eg[Vl1(0; X;)] =0,  Varg(V61(0; X;)) = —Eg[V?01(6; X;)] = J1(0) = 0,

and Oy 2 0. Then if 6 = 6,
1

%Vgn(QO) — Nd(07 Jl(ao)a

1
—ﬁv%(ao) 2 J1(60),

V0, —0)) = N40,J1(6)71).
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23.3.1 Wald-type confidence regions

Assume we have an estimator jn > 0 such that %jn LN J1(6p) > 0. Then

(J1(00))*v/n (0, — 00) => Na(0, 1),
and by Slutsky’s theorem,
T (00— 00) = Na(0, L).

To get a test statistic, we can do the simplest (but not always the best) thing and take the

2-norm: R
173720 = 0)II* = X
Here, R
(7,2 (0 — 00)1” > Xa(e)) = a,

where y?(«) is the upper-a quantile.

To test Hy : 0 = 6y, we reject if HJ}/Q(HTL — 60)|I3 > x3(a). Equivalently, we can
say we reject 6p iff j&ﬂ(@z —0o) ¢ B2 () (0). So we can reject 6y if and only if 6y ¢
0+ j%meg(a) (0). This gives a confidence ellipsoid.

Here are some options for .J,,:

1.

= n Varg(V{n(0; X))|_5.
=n Vargn (Vﬁn(é\n; X))

2. Observed Fisher information:

~

Jn = =V, (6n; X)

The observed Fisher information is generally preferred and is used in practice. We can
get a Wald interval for 6; by
On ~ Na(60, Jn(60) ),

which tells us that R
On.; ~ N (00, (Jn(00))s5)-

So the univariate Wald interval for 0; is

Cj = Onj £ 5©.(00,3) 702

Il
)

g £\ (Jn iz
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23.3.2 The score test

Here is a test which only assumes normality of the Fisher information. Test Jy : 0 = 0y vs
Hy : 6 #6y. Then
1
NG

and the score statistic looks like

Vea(00; X) 28 Ny (0,1 (60)),

Tn(00) "2V, (00; X) 3 N4 (0, 1,).

So we reject Hy if ||J,,(00) "2V, (60; X) |12 > x2().
If d = 1, this looks like '
0,(60)
Jn(00)

This is actually invariant of parameterization. For simplicity of notation, assume d = 1 for
now. Let 6 = g(¢) with () > 0 be a reparameterization, and denote g¢(x) = py(¢)(x). Then
the score is

= N(0,1).

- d
(¢ 2) = & log pg(¢) ()

= (9(0))g(¢)

by the chain rule. The Fisher information is

So the score statistic is unchanged by the parameterization.

iid

Example 23.1. Let X,..., X, ~ e"TT(x)’A(”)h(x) be an s-parameter exponential family.

THen
Vi (n) = (Z T(Xz')) —nu(C),  where p(n) = E,[T(X;)).
i=1
Then
2
Jn(n0)H? (Z T(X;) - nu(n)) — Xa
i 2
gives us our test. In particular, if d = 1, we get
> T(Xi) —nu(o)  Hy N(0,1),

\/nVar, (T(X1))

so this is a Z-test.
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The test statistic for the score test is

H(J1(90))‘1/2ﬁwn(90)ll27
while the test statistic for the Wald test is
172 /B — 60) |2,

where \/ﬁ(én —bp) ~ Jl(Hal)%an(Hg). So these are asymptotically the same test.
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24 Generalized Likelihood Ratio Tests, Asymptotic Relative
Efficiency, and Pearson’s x? Test

24.1 Recap: Likelihood-ratio based hypothesis tests
We have been assuming a parametric model Xq,..., X, id Po, (x), where 6y € ©° C R,
po(x) sufficiently regular in §. We have the MLE

6 = arg max ¢, (0; X),
0cO

which we assume converges in probability to 3. The central limit theorem tells us that
1

vn

where we can think of V/,, as a complete sufficient statistic for all the likelihood ratios.

We had the Taylor expansion
0= Vil (6n) = V0 (00) + V200 (6,) (0, — 60),

Vi (60; X) = na(0, J1(60)),

which told us that

-1
(6 — 60) = (-iv?en@)) \}ﬁwn(ao)

n'g

1)J1(90)*1 :>N(O,J1(00))

= Na(0,J1(60) 7).

We have following picture of the second order Taylor approximation of the log-likelihood

00(0) — £(80) ~ b0 (00)(0 — 0) — %ano)(e 02

PAS , /J/ ,éﬂ(go) (Se afe)
/’ /ﬂ(@) -£.(8,)

I /-/
L.(8)-1.6) I
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Different parts of this picture give us different likelihood-based test statistics for hypothesis
testing.
For large n,

2(En(Bn) — £a(00)) = | 7/% (6 — 60)|%,

which gives us the Wald test. Looking at

2(6n(Bn) — a(60)) = || Jn(60) V2V e (80) I,
gives us the score test, and

2(6n(Bn) — a(60)) = [|Jn(6)' /2 (B — 60)]?,
gives us the generalized likelihood ratio test. This is looking at the vertical distance in the
above picture.
24.2 Generalized likelihood ratio tests
24.2.1 GLRT with a simple null
Suppose we want to test Hg : 0 = 0y vs Hy : 0 # 03. We have

0n(00) — T eo— )1V (6) (B0 — Bn)
:_7||( 1v2 (0))72 Vo —Bn) |

-~

—>J1 (90)1/2

— Nd(O,Jl(eg)fl)

This means that

We should reject 6y if and only if

1

En(QO) < gn(é\n) - §X?l(a)

This has some of the advantages of the Wald test, such as invariance under parameteriza-
tion, but without requiring the confidence set to always be an ellipsoid.

24.2.2 GLRT with a composite null or with nuisance parameters

Theorem 24.1. Suppose we are testing Hy : 0 € ©¢ vs Hy : 0 ¢ ©g. Assume that

e © CRY, where ©y C © is a dy-dimensional manifold contained in ©°.
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e 0y is in the relative interior of Oy.
o @\n Ly 0o with smooth likelihood.
e J; (9) > 0.

Then

~

2(€n(0n) — €n(00)) = XZ—dov
where By = arg maxyeg, {n(0; X).

Here is an informal derivation.

Proof. Assume without loss of generality that 8y = 0 and J1(0) = Ig.

Ny(0,11,), and locally (6 ~ 0), V24, () ~ —nl;. Then

~

00 (0) — £,(0,) =~ =10 — 6,2

|3

Then R R R
0y ~ argmin |0 — 0, |*> = Projg, (0n)-
IS

This means that —1 times the test statistic looks like

2(£,,(80) — £(6,)) = —n||8, — Projo, (6|12

= —|| Projg, ( v/nby )|?
——
~N(0,14)
— _Xéfdo .

Here is a picture when d = 2 and dy = 1.

The segment looks like x3.
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24.3 Asymptotic relative efficiency

Suppose 5@ with ¢ = 1,2 are two estimators with d = 1 and

V(@ —6y) = N(0,02.
Definition 24.1. The asymptotic relative efficiency (ARE) of 0 with respect to
oW is 02 /o2

This has a nice interpretation of telling us that using an inefficient estimator is really
like throwing away a fraction of our data set. Suppose o%/05 =~ € (0,1). Then

6

) (X150 X ) & N(by,03/n)

ZOD(X1,.... X,).

24.4 Pearson’s y? test for goodness of fit

Let N = (N1,...,Ng) ~ Multinom(n, 7), where 7 = (m1,...,mq) with >, 7; = 1 and all
mj > 0. The multinomial density is

n!w{vl "'ﬂévd

Po(N) = = T, T, Vo=

We can parameterize this as a d — 1-parameter exponential family by

1 s
1+Zk>_1 o J = 1,

o) .
wy e >

T =

so that
n; = log(m; + m1).

We can calculate the score
Vi, (n,N) = (Na,...,Ng) — (nma,...,nmg).
The variance of the score is
nmo(l —mg) - —mm
Var, (V& (n; N)) =
nmg(l — mq)

= n(diag(mo_q) — 7T2_d7l';_d)
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If we use the formula

Ay T AL

Ty\-1 _ »4—-1
(A+uw)™ =4 1+ol A1y’

we get
1 _ _
Ju(n) ™t = 5(d1ag(7r27_1..7d) + 7 1lczlldTQ).

After some algebra, it follows that the score test fo Hy : m = mg vs Hy : m # 7o is

-----

N; —nm;)? 1
_ Z (N i) 1" (Ny, g+ nmo,_a)

1 nmy Ny,
_ 2: (Nj — nm;)
; nrr]

This is the test statistic for Pearson’s x? test.

124



25 Introduction to Bootstrap

25.1 Recap: Comparison of bootstrap to other kinds of inference
So far we have done:

e Exact, finite-sample inference

— Requires special structure
— No reliance on asymptotic approximation

— Parametric or non-parametric (e.g. permutation tests)
e Parametric, asymptotic inference

— Simple ideas, leading to asymptotically optimal results.

— Only relies on regularity conditions

Today, we will study asymptotic, nonparametric inference.

25.2 Functionals and plug-in estimators

- iid .
Suppose we have a nonparametric iid sample X1, ..., X,, ~ P. We want inference on some

“parameter” A(P) C R% More precisely, we want a functional 6(P).

Example 25.1. If the sample space X C R, we could look at
0(P) = median(P).
Example 25.2. If the sample space X C R%, we could look at
O(P) = Amax(Varp(X;)).
Example 25.3. If we are doing linear regression, we could look at

O(P) = argminEp[(Y; — 67 X;)?,
OcRd

where (X;,Y;) % P.
Example 25.4. More generally, we can set
0(P) = argmin Dxr,(P || Py)
0cO

= argmax Ep[l1(0; X;)].
0
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Note that in these cases, we may have many distribution with the same value 6(P).

Definition 25.1. The empirical distribution of Xy,...,X,, is the random measure

n

S5 1 S0 #i X e A
Pn_n;(SXi, P (A) =Tt 20 =8

Definition 25.2. The plug-in estimator of §(P) is 0, = H(ﬁn)

Example 25.5. If §(P) is the median, 8, is the sample median.

Example 25.6. If 0(P) = A\pax(Varp(X;)), then the plug-in estimator is Apax(samplevariance).
Example 25.7. For linear regression, the plug-in estimator is the OLS etimator.

Example 25.8. For the minimizer of the KL-divergence, the plug-in estimator is the MLE

for {Py: 0 € O}.

25.3 Convergence of plug-in estimators

Does using the plug-in estimator work? It depends. Whether ﬁn 5Hp depends on what
distance we use. We have pointwise convergence, P, (A) 2 P(A) for all A by the weak law
of large numbers. We can consider convergence in the total variation distance (i.e. uniform
convergence of these functions):

sup | P (A) — P(A)| 2 0?
A

This is true if the sample space X is finite. However, if X = R and P is continuous, this
is not true because if A* = {x1,...,x,}, then P(A*) =) but P,(4*) =1
If X C R, we can look at convergence of the CDF's:

sup |Py((—00,z]) = P((—o00,2])| &0 vz eR.

We want the functional 6(-) to be continuous with respect to some topology in which
P, % P, so 0(P,) % 0(P) by the continuous mapping theorem.

Here is a counterexample to keep in mind, so you don’t think that bootstrap always
works:

Example 25.9. Let

X1,Xo~P

]. ]P) ii X — X > 07
6(P) = a, (X1 2)
0 otherwise.

If P is continuous, then #(P) = 0. But §(P,) = 1 for all n.
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25.4 Bootstrap standard errors

Suppose 6, is any estimator of 6(P). We want to know the standard error s.e.(an) =

\/Varp(é(Xl, LX)
The only thing here we don’t know is P, so we will plug in ﬁn:

5%.(0n) = \/Varg (65).

Here, the star notation is just to make sure we know that é\: is a random variable drawn
from P,. We can write
Varg (6,) = VarX;SL‘“ﬁn (On(XT,..., X))
Often, bootstrap is defined algorithmically.
How do we calculate this? We will use Monte Carlo with P, instead of P: For
b =1,...,B, Sample be,...,X;;b id P, (resampling n values with replacement from
X1,...,X,), and let 0** = (X3, ..., X?). Then let = % 25:1 6*%, so the standard

error is

B
~ 1 ~ —x
SE.(0) = || 5 D607
b=1

25.5 Bootstrap Bias Estimation/Correrction

Let §n be some estimator. What is its bias?
Biasp(0,) = Ep[0, — 6(P)).
The idea is to plug in ]3n for P:

Bias(d,) = Biasp (8:) = Ep [65 — 0(Py)).
We can calculate this using Monte Carlo: Sample X| b, X X ﬁn, and calculate the
estimator 6*% = 6(X*?). Then we have the average 0 = x Zle 6*, so we can calculate

—

Bias(6,) = 0" — 6(P,).

Remark 25.1. The advantage of thinking of this as a plug-in estimator instead of just
defining it algorithmically is that it becomes more conceptually clear why we subtract
0(P,) instead of 6(P).
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We can then define the Bias-corrected estimator
6BC = 0, — Bias(6,)
If 6(P,) = 6,
=20, 0"
Remark 25.2. If we know the actual bias, it’s always better to subtract it because we
reduce the bias while keeping the variance the same. However, it is not always better to
subtract out the estimated bias because the estimate could be wrong. In particular, the
estimate of the bias might be noisy, so it might introduce some variance. Typically, 550
has a lower bias but a higher variance than 6.

Here is a picture. The things that we can’t see are in gray, and what we can see is in
black.
>.€.pl se.(8,) = se.p (6x)
- —>
A D.‘s+ U( /é:\ﬁ.

¢

Here is a table of analogies between the “real world” and “bootstrap world.”

“Real world” “Bootstrap world”
Samplingdistribution P R P, R
Parameter 0(P) 0(P,) (maybe 6,,)
Dataset )51,...,Xniri\51 )ii",...,X;‘;iEﬁn
Estimator O (X1,...,Xpn) | O5(XT,.... X))
Standard error of estimator Varp(6,,) Varp (6%)
Bias of estimator Bias p(é\n) Biasp (5;‘;)
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26 Bootstrap Confidence Intervals and Double Bootstrap

26.1 Recap: Bootstrap methods

Bootstrap is an asymptotic nonparametric method, where we use the empirical distribution
as an asymptotic approximation to the true distribution. Anything we want to do with
the true distribution, we substitute in the empirical distribution and call it a day.

If we have a nonparametric model Xi,..., X, X P with “parameter” 0(P) (not neces-
sarily 1 to 1), then we discussed the notion of a plug-in estimator 5n(X ) = 9(13“), where
]3n is an estimator of P. A typical choice is the empirical distribution P, = % o 0x,e
(Note: There ar eother choices, estpeically for non-i.i.d. sampling models, e.g. time series.)

Remark 26.1. Bootstrap is often conflated with permutation tests. They are both non-
parametric and involve resampling from the data, but they have very different underlying
statistical logic. The permutation test is an exact, finite sample method; if you take enough
permutations, you will get the exact conditional distribution of the test statistic under the
null hypothesis. On the other hand, bootstrap is an approximation which only becomes
accurate asymptotically.

We have seen two bootstrap algorithms so far:

~

o If 0,(X) is any estimator we want, its standard error is

s.e. (0 (X)) = \/Varxiigp(ﬁn(X )

and the bootstrap standard error is

o0, (X)) = \/varxi*wn(@n( X)),

o If @\n(X ) is any estimator we want, its bias is

Bias(@) = E__ya [0,(X)] = 0(P),

x;Xp
and the bootstrap bias estimator is

Bias(6,) = EX;@IS" [0 (X7)] — 0(Fn).

We also have the bias corrected bootstrap estimator

05C = 0, — Bias.
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26.2 Bootstrap confidence intervals

Suppose we want a confidence interval for §(P). Instead of inverting a hypothesis test, we
can define a random variable R, (X, P) = O (X) — 0(P) for any estimator B,; if we know
the distribution of R,,, we can construct the confidence interval using a point estimate for
R,.
Define the CDF R
Gn,p(r) =Pp(0,(X)—-0(P) <7r).

The lower /2 quantile is
r= GT_L},(a/Q),

and the upper /2 quantile is
r =G, p(1—a/2).

Then

1—a=Pp(ri <8, —0<r)

= ]P)p(e S [Qn — ’f‘g,é\n — 7“1])

The interval we get only depends on G, p.
If we don’t know P, then we can use P, instead:

~

G, (1) = Py nap, (BX™) = 0(P) < ).

This depends only on the sample X. Using this CDF in the above calculation gives us the
bootstrap confidence interval

~

Cra(X) = [0n(X) = 72, 0,(X) —71],

)

where
=G5 (a2), R=G%5(1-a/2).

Here is the procedure in practice:

1. Forb=1,...,B,let Xi,..., X;* < P,.

2. Forb=1,...,B, let R?* = 0,(X*) — 6(P,).
3. Return G, (r) = = B L{pev<ry

4. Invert this to recover 71 and 75.

This is not the only way to make a bootstrap confidence interval. Other examples of
estimators we could use bootstrap with for confidence intervals are
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e The studentized root

e The relative error R
R,(X,P) = Hg((;()).

With the studentized root,
Cn,a = [en - 7“26, 0n — 7"10]7
where we can estimate r1, 7y using a the plug-in estimator R,,.

Remark 26.2. Our first version of the bootstrap confidence interval works best when G, p
is not so sensitive to varying P.

26.3 Double bootstrap

Bootstrap is an approximation. Is it a good approximation? Suppose we have, for example,
a bootstrap confidence interval

~

Cro = [0n(X) = 72(X)5(X), 0 (X) — 71(X)5(X)].

What is the probability R
IP’X_%P(H”(P) € Cha(X))?

We can use bootstrap to estimate this:

o (O(P *))?
PXf}Eﬁn(en(Pn) E Cn,Ol(X ))

Suppose we estimate that C, 0.1 has ~ 87% coverage, but Cj, .03 has ~ 90% coverage. Then
we want the latter confidence interval. In particular, we are using bootstrap to calibrate
the confidence level of the confidence interval.

Remark 26.3. We could do this bootstrap “tuning” of « using any confidence interval,
not just one that was originally obtained through bootstrap.

Here is how we can implement this o “tuning” in practice:
iid 35

1. Fora=1,..., A, let X7, ..., X%~ P,.

2. Calculate C,, o/ (X*?) for o in some grid (try o = 10%, 9%, 8%, etc.) using whatever
method you are using to obtain a confidence interval (bootstrap or not).

We can specify this in particular for the double bootstrap:
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(a) Let Py = L5 oy
(b) Forb=1,...,B,

i Let X7t . xprab S pra,
ii. Let

Y

an(X**a,b) N e(ﬁ;a)
a.‘(X**a,b)

*xa,b __
R =

(c) Let Gio = ecdf(R;™, ..., Ry 5).
(d) For ' in the grid, let
Cn,a’ (X*a) _ [9* A (G*a) 0* A (G*a)]
3. For ¢ in this grid, let

—

Coverage(« ot (X*0)20(Po)}

||M:>

4. Take @ = max{d/ : C@ge(a’) > 1 — a}, and return G, 5(X).

Remark 26.4. This seems like circular logic, where this method will suffer from the
same issues as the original bootstrap confidence interval. The heuristic idea is that the
double bootstrap confidence interval may be less sensitive to changes in P than the original
confidence interval.
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27 Introduction to Multiple Hypothesis Testing

27.1 Correcting p-values to account for multiple hypotheses

Suppose X ~ Py € P. We have hypotheses Hy; : fcg,, for i =1,...,m. We will let
R(X) = {i: Hy, is rejected}, Ho(0) ={i: 0 € Op;}

and denote R(X) = |R| and mo = |Ho|. The central issue is that the more hypotheses we

test, the more likely we are to reject a hypothesis by chance.

Example 27.1. Let X; id N(0;,1) with Ho; : 0; = 0. Reject Ho; if | Xi| > 24/2. Then

m Mm—0oo 1

Po(any Ho; rejected) =1 — (1 — «)

Definition 27.1. The familywise error rate (FWER) is
Py (any false rejections) = Pg(R N Ho # 9).

The classical view of multiple testing to say that we want

sup FWERy < a.
0

Remark 27.1. Why should we make a correction for the FWER? If you conduct 10
experiments and submit your analysis to a journal, they’ll require you to make a familywise
error correction. But if you submit the 1 experiment each to 10 journals, then no one will
hassle you.

Sometimes, when we are testing many hypotheses, we care individually about each one.
But sometimes, such as if we are testing hypotheses for a large number of genes, where
we should expect most of our null hypotheses to be true, we might be okay with some
percentage of our hypotheses being falsely rejected.

One way we can account for multiple hypotheses is to alter our p-values. Denote the
p-values by p1(X),p2(X),...,pm(X). Here are some procedures for altering the p-values:

Example 27.2 (Siddk’s correction). Assume p; > U[0,1] for i € Ho. If the p; are inde-
pendent and we reject if p; < ayn,
1 — o = Pf(no false rejection)

=P(p;i > o Vi € Ho)

> (1 — auy)™

> (1 —am)™.

If we solve this, we get
G =1—(1—a)/™

If «v is small, this is close to a/m.
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Here is what we can do if we don’t necessarily have independence.

Example 27.3 (Bonferroni correction). Bonferroni rejects if p; < ao/m. Then

Py (any false rejection) = Py U {pi < a/m}
1€Ho

<> Polpi < a/m)
i€Ho
(0%
<mg-—
m

mo

m

The Bonferroni correction is still conservative. Here is a strictly better procedure:

Example 27.4 (Holm’s procedure).

Step 0: Order the p-values from small to large:

Py SP@) = S Dim)-
Let H(; denote the hypothesis corresponding to p(;.

Step 1: If p) < a/m, reject H;y and continue. Otherwise, stop and accept all null
hypotheses.

(6]

Step k: If pay < =577, reject H(y) and continuous. Otherwise, stop and accept all
hypotheses.

Step m: If p(,,) < a, reject Hyp,.
We can analyze this procedure by

« .
RHOlm = max {7" . p(z) S m Vi S T} .

We reject Hyy, ..., H guom).

Proposition 27.1. Holm’s procedure controls FWER < «.
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Proof. Let p§ = min{p; : i € Ho}. Then

P(py < a/mp) < a
by the union bound. We claim that if pfj > «/mg, there are no false rejections. Let
k=#{i:p; <pj} <m—mo+ 1. Then

(0% «

=pE>— >
Pr) = Po mog  m-—k+1

Then Holm makes < k rejections. O

27.2 The closure principle

Holm’s procedure is an instance of the more general closure principle, which is used in
a lot of modern developments in multiple testing methodology.

For S C [m], let H, be the hypothesis where all H; are true for i € S: 6 € (,c4©0,-
Assume we have a level-a test for each subset. For example, we could reject Hj if
min;es p; < /9]

Step 1: Provisionally reject Hg if the corresponding marginal test ¢g rejects.
Step 2: Reject H; if Hy is rejected for every S 3 i.

We can analyze the closure principle as follows:

P(any false rejections) < P(Hy, is rejected in Step 1)
< a.

Here is a picture:

If Hy and Hs are the null hypotheses that are true, then they are protected as long as we
don’t reject the hypothesis H .
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Remark 27.2. This might seem computationally inefficient, but as in our description of
Holm’s procedure, there can be computationally tractable ways to implementing this.

27.3 Testing with dependence

Example 27.5 (Scheffe’s S-method). Let X ~ Ny(6,1;) with § € R%, and test Hy :
OTA = 0 for A € S ! (this is uncountably infinitely many hypotheses). Reject H, if
(XTAN)? > x3(a) ~ 3+ 3Vd if @ = 0.05. This controls the FWER because

sup (XTA)?2< sup ((X —0)7A)?
A:0T A=0 AesSd-1
=[x 6|’
Scheffe’s method is a deduction from a spherical confidence region for §: We can use

| X — 60| ~ x3 to get a confidence region for X. We get a confidence interval for 6* via
XA+ /x3(e) = XA+ Vd.
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28 Simultaneous Confidence Bounds for Multiple Hypothe-
sis Testing

28.1 Recap: Multiple testing

Last time, we began discussing multiple hypothesis testing, where X ~ Py e P ={Py: 0 €
©} with hypotheses Hi,...,Hy,, (H; : 8 € ©p;). The setup includes individual p-values
p1(X),...,pm(X), rejection set R(X), and true null set Hy.

The classical approach was to control the familywise error rate (FWER),

Py (any false rejections).

The Bonferroni correction, a popular procedure, says to reject H; if p; < «/m and
works under arbitrary dependence. We also learned about a direct improvement, the
closure principle, with an intersection null for S C {1,...,m}. Here, Hg : H; true for
all i € S, which is equivalent to 6 € [);cg ©0,;- Then we use some local test ¢g(X) which
is valid for Hg. The closed testing procedure rejects H; if ¢pg(X) =1 for all S > 1.

28.2 Simultaneous upper confidence bounds via closed testing

Definition 28.1. Suppose ¢1(0),...,gm(0) are estimands. Then C;(X),...,Cnp(X) are
simultaneous confidence bounds if

Po(any gi(0) ¢ Ci(X)) < o
We can use the closed testing procedure to get an upper confidence bound on the
number of null indices in S, [Ho N S]|.

Example 28.1. Suppose we are looking at an experiment for the brain, and each voxel
i, a tiny region of the brain, corresponds to a null hypothesis H; (about how the voxel
behaves in testing vs control). If we look at a region S of the brain, the scientist gives the
subset S, the software will give back Ug(X).

Proposition 28.1. If we take
Us(X) = max o 1S N S,

bsy (%)=
we get simultaneous confidence bounds.
Proof.
Po(any Us(X) < [SNHo(0)]) < Po(dn,(X) =1)

because the first event is a subset of the other. Indeed, if ¢, (X) = 0, then H, is going to
be one of the Sy sets we take the max over. In this case,

Us(X)=¢II%a§(0|SﬂSU| > |S N H(h)]. L]

S \T)=
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We can get simultaneous confidence bounds for the proportion of null indices by looking
at Ug(X)/|S|. Goeman, Solari, and other coauthors have developed this procedure in a
series of papers.

28.3 Simultaneous confidence intervals for the Gaussian sequence model

Example 28.2 (Gaussian sequence model). Suppose have X ~ Ny(6, I;) with § € R? and
we want simultaneous confidence intervals for 1, ...,04. Let ¢, be the upper a quantile of
max;—1, .q|X; — 6;|. Then if we take C;(X) = (X; — o, Xi + o), these are simultaneous
confidence intervals for §;. Why? If any 6; ¢ C;(X), then |X; — 6;] > c,; in particular,
X; — 0;| > co. In this case, we can show that ¢, = 254/2> where a — d is the

max;=1,...d
Siddk correction.

What if we want to make pairwise comparisons? We can deduce a confidence interval
for 0; — 0; from the intervals for 0;,0;.

[(0; — 0;) — (Xi — X;)| < |X; — 0i] + | X; — 04,

so we could construct a confidence interval with 2¢,. But this is not very good. Instead,
let ¢, be the upper-a quantile of max; ; [(X; — X;) — (0; — 0;)| = max; ; |Z; — Z;|, where
Z = X — 0; this is something we can directly simulate. Then, let

Cij(X) = (Xi—X; -, Xi — Xj + ).

This is called Tukey’s Honestly Significant Difference procedure (HSD).
More generally, we may want simultaneous confidence intervals cy(X) for AT, there
A€ S Let

¢, = upper-a quantile of sup |AT (X — )|
Aesd—1

= upper-« quantile of || X — ]2
~ Xa(@).

28.4 Simultaneous confidence intervals in linear regression

Example 28.3 (Linear regression). Suppose we have @ ~ Ny(0,(XTX)~!) with 3 € R?
and i—; ~ ﬁxi_ 4> and suppose we want simultaneous confidence intervals for fy,..., 4.

Let ¢ be the upper-a quantile of max;—; 4 |,§] — Bj|/o. We can directly simulate

N—B _ Na(0,(X X))

o 1 2
n—dXn—d
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This has what is known as a multivariate ¢ distribution. If we want simultaneous
confidence intervals for 3;, then we can use

Cij=(B—3j—06ca,B—j+0ca)
If any ; ¢ C}, then, as before,

max |Bi — Bil > ca0.
We can do the same procedure with Tukey’s HSD, where we let ¢}, = max; j |Z; — Z;| with
Z = (p — B)/o and use the intervals

Ci’j(X) = (Xz — Xj — C;,Xl’ — Xj + Ca).

Observe that max; | X; — ;| < ¢y <= || X; — 0|la < Cy. Alternatively, we could try to
control || X — 02 < xq(@).

WO )Xid &

s L :
o (ol

X -6\,

Our method involves constructing this rectangle and projecting it onto each of the axes.
The naive method of estimating 6; — 6; from before is projecting in the direction of 6; — 6;;
so the projection we use may make a difference.

Example 28.4. Consider testing the global null Hy : 8§ = 0. The max test rejects if
max| X;| > co = v/2logd, and the x? test rejects if | X2 > x3(a) ~ d +3Vd. If 0 is
I-sparse (only 61 # 0), then the max test needs |01| > v/2logd, whereas the x? test needs
|01 = [|0]]2 ~ d'/*. If 0 is dense, the x? test is vastly more powerful, but if @ is sparse, then
the max test is vastly more powerful.

Next time, we will discuss controlling what is known as the false discovery rate.
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29 Multiple Testing via Control of the False Discovery Rate

29.1 False discovery rate

In our multiple testing setup, we have data X ~ Py, hypotheses H; : 6 € ©q; for
i = 1,...,m, and p-values p1,...,pn. We also denote the rejection set as R(X) C
{1,...,m}and the true null set as Ho C {1,...,m}. We have been trying to control
the familywise error rate (FWER),

Po([Ho NR| > 1) < .

However, if we are making several hundred rejections, it might be okay if we only have a
few false alarms.

Definition 29.1. Benjamini and Hochberg (1995)!° defined the false discovery propor-
tion (FDP)
v
RV1’
This is the probability is that a randomly selected rejection is a false one, which we
want to control. The maximum in the denominator is just so if R = 0, we don’t divide by

0.

FDP = V=[HoNR|, R=|R|

Definition 29.2. Benjamini and Hochberg also define the false discovery rate (FDR)
FDR = E¢[FDP).

Benjamini and Hochberg didn’t just introduce the FDR; they introduced a way to
control it.

15They proposed this in 1988, but this radical idea of accepting some false discoveries took 7 years for
any journal to accept. Professor Fithian has heard that this is the most cited paper in the entire field of
statistics.
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29.2 The Benjamini-Hochberg procedure

Let the p-values have order statistics p() < -+ < p(,). Then let RBH — max{r : Py < %},
BH
so the RPH rejection set is Hg), ..., Hgeny. That is, we reject H; if p; < %.

In this procedure, we reject all the hypotheses with p-values up until the last point
which is below the line; even if a point is above the line, we reject it as long as there is
a further point which is below the line. We can compare this to Holm’s procedure, which
has a lower line, since we are comparing p() to m+1~c—|—1:

If m = 10000, then for Holm’s procedure to make R = 100 rejections, p(ry < gg57- But for

BH to make 100 rejections, we need p(g) < %00% = 100

Remark 29.1. One issue with controlling the FDR instead of the FWER is that you
can cheat. Suppose you have 5000 hypotheses you care about, but you can’t make any
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rejections. Then you can throw in 10000 clearly false hypotheses and be able to make a
lot more rejections.

To understand this procedure, first consider rejecting H; iff p; < ¢ for some fixed t. What
is the false discovery proportion? Suppose t = 5/m. Then we expect about 5 rejections of
null hypotheses. If we get 100 rejections, then we can say with more confidence that we
must have had some correct rejections.

An equivalent formulation of the Benjamini-Hochberg procedure is to define

FDPt == m, Rt == #{’L D S t}
t

Then we can let

t*(X) = max{t : FDP, < a}t

and reject H; if p; < t*.

This is equivalent because the rejection set only depends on the order statistics of the
p-values and does not actually need the information of t*; we reject Hyy, ..., H(g), where

R = max{r: Fﬁp(r) < a}
= max{r: "2 < o}
= max{r : py < 9}
29.3 Finite sample control of FDR using the Benjamini-Hochberg pro-

cedure

This makes sense on controlling the FDR from an asymptotic perspective (if we let the
number of samples and rejections both go to infinity), but there are many interesting
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multiple testing problems where we only reject, say, 10 hypotheses. Asymptotic control is
philosophically unsatisfactory here, but fortunately, we do have finite sample control with
the Benjamini-Hochberg procedure.

Theorem 29.1. The Benjamini-Hochberg procedure controls FDR < «.

Here is a celebrated proof due to Stoiey, Taylor, and Siegmund (2002) based on optional
stopping of a martingale. Since we are looking at the last time the line crosses the «
threshold, we need to index time backwards, starting from ¢ = 1. This proof assumes that
the p-values p; are independent and that p; ~ U[0, 1] for i € Hy.

Proof. Then define V; = #{i € Ho : p; <t} < R;. Then we estimate

Vi
FDP; =
TRV
by
_— mit
FDP, = .
R RVE]
This gives
— V
FDP, = FDP; - —- .
mit
—~—~

=Q¢

This quotient Q); is what we will apply the optional stopping argument to. This gives

FDR = E[FDPy-]
= E[FDPy¢ - Q¢+]
= E[Qt*]
Using the optional stopping theorem,
= aE[Q]

mo

m

It now remains to show that ); is a martingale and t* is a stopping time with respect
to the filtration F; = o(p; Vt,i = 1,...,m); we could alternatively use F; = o(Vs : s > ).
Conditional on F;, we know Vs and F/Di% for all s > t. As a result, t* is a stopping time
(L{g+>sy is Fy-measurable). To check that this is a martingale, we have for s <t that

H%|%:ﬂ:v;
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Ve V4
[ms | mt q] S (qm ) 4
(More precisely, we have E[Qs | Fi] = Qy.) O

Here is another proof:

Proof. Define B; = 1y, rejected}- L'he we can decompose

va R\/l

By the linearity of expectation, we can say that

1
{i rejected}
FDR = » IE[ Ul ] :

1€Ho
want to show < a/m
Assume that pq, ..., pm are independent. Then condition on p_;. We will be in good shape
if we can show that L
E {i rejected} | < g
RV1 m

Rewrite the indicator as 1y, <4r/m}- We would like to pull out R, but R is not a deter-
ministic function of p_;. The key observation (which is generalizable) is that if p; were
already being rejected and we send it to 0, then it is still rejected:

Define R®) = R(p_;,0). We claim that on the event {p; < %?’}, R® = R. So we can
look at

Lip<ary |

E
RvV1

=E

—1

{pz< QR(Z) } | .
R(z) -

144



- R(z) Di > T ‘p—l

1 aR®

RO m

— O
m

Professor Fithian and a collaborator were able to generalize this proof to non-independent
p; by conditioning on something other than p_;.
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